Objectives:


Using the Sine Define aplet, the student will investigate the definitions of sine, cosine and tangent on the Unit circle.





Functionality:





When the student presses  START  , a brief note appears explaining the purpose of the aplet.











When the user displays the  VIEWS menu, the options shown are  Sine define,  Cosine define and  Tangent define.





Choosing the  Sine define option presents the user with the screen shown right.











As the user presses the right arrow key (or the left to go backwards) the angle will progress around the Unit circle in 10o increments, drawing the graph of sin(q) as it goes.





Pressing  ENTER  will stop the graphical simulation and present the  VIEWS  menu again.











The  Cosine define  and  Tangent define options behave in a similar fashion.











The tangent option differs slightly in its display for angles which are  less than 90o and more than 270o….











to angles which are between 90o and 180o…..�
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Additional Exploration:


��


An interesting investigation can be done into the shapes of graphs which result if one defines new functions called  squine and  cosquine using a Unit square instead of a Unit circle.   


In the normal definition (using radian measure) the values of sine and cosine can be defined as the (x,y) values of a point on the circumference of the Unit circle, where q  is the arc length moved through.





This definition can be altered slightly to a definition built around a Unit square.


			


This new definition results in interestingly different graphs for sqine and cosquine.  Another possible variation is to define the functions on a Unit diamond.





These two definitions result in a very good investigation (see following pages), particularly for more able students.  Time should be allowed for the students to fully internalize the new definitions.   The natural tendency for those encountering this for the first time is to continue to think of the the angle as the independent variable.  


On the Unit circle this does not matter since circumference is directly proportional to angle, but for squine and cosquine this is no longer the case.  


�
�



Ideas can be applied to:			


	Trigonometry





Programs associated with this aplet:


.DEF.S,   .DEF.SIN,   .DEF.COS,   .DEF.TAN





Aplet & documentation copyright ©1997, C. Croft, Applications in Mathematics.


				<ccroft@sthildas.wa.edu.au>
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We have seen that sine and cosine are defined on 


the Unit Circle as shown right.





One definition is:





	If length of arc  QP  =  q ,


	then    sine q = b


	and    cosine q = a








Think carefully about how this differs from the  definitions of sine and cosine that you have been shown using degrees.  Ensure that you understand this definition.  For example, one point that needs to be carefully remembered is that when sine is defined in radian measure, the resulting graph has circumference as its horizontal axis.
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Shown on the right is a Unit circle with the circumference marked out in steps of 0.2.  For each of these steps, the sine is the vertical height (the height on the y axis) and these values can be translated into a graph.





It is important to realize that radian measure is along the circumference, while degrees are measured at the centre of the circle,  although this is not often important since the two (degrees and radians) are directly proportional to each other and so virtually interchangeable.�
Defining sine and cosine in this way gives graphs as shown below:


Think carefully about the numbers on the x axis and how they relate to the Unit circle.
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On your calculator you have an aplet called SINE DEFINE which shows how sine, cosine and tangent are defined on the Unit circle, and how this translates into graphs.  Run this aplet and ensure that you understand the three demonstrations.
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In this investigation, we would like you to consider two new function called  squine and cosquine.  Instead of being defined on a Unit circle, these two functions are defined on a Unit square  (hence the ‘sq’ in the names).





For the diagram right, the definitions are:





	If length of perimeter  QP  =  q ,


	then    sqine q = b


	and    cosqine q = a





Remember,  the value of q is NOT the angle at the centre but the length of the perimeter traced out as you move around the Unit square.














Questions





1.	Copy the diagram above right onto graph paper and mark on it a point P which corresponds to q = 0.2   (ie. Length of perimeter traced is 0.2)   What are the values of  sqine(0.2) and cosqine(0.2)?





2.	Are the values of perimeter (q) and angle at the centre (do) still directly proportional using this definition?  (Do you remember what the test is for proportionality?!)  Illustrate your answer with a clearly labelled diagram.





�
3.	Mark points on the perimeter corresponding to q = 0.4, 0.6, 0.8, 1, 1.2 ...2.4  For each of these points calculate the values of squine(q) and cosquine(q).  Put your results into the table below:





 q �
squine(q)�
cosquine(q)�
�
0.0�
�
�
�
0.2�
�
�
�
0.4�
�
�
�
0.6�
�
�
�
0.8�
�
�
�
1.0�
�
�
�
1.2�
�
�
�
1.4�
�
�
�
1.6�
�
�
�
1.8�
�
�
�
2.0�
�
�
�
2.2�
�
�
�
2.4�
�
�
�



4.	Explain, referring to the Unit circle, why the sine and cosine graphs will begin to repeat themselves after q = 2p radians.  After what value will the squine and cosqine functions begin to repeat?  Illustrate your answer using the the Unit square.





5.	Draw graphs of the squine(q) and cosquine(q) functions.





�
6.	Piecewise defined functions are functions whose rule is different depending on which section of the x axis is being graphed.
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	For example:


The graph on the left shows the rule:


� EMBED Equation.2  ���


The rule is set up so that if you are on the negative x axis (� EMBED Equation.2  ���) then the rule is � EMBED Equation.2  ���, but for other sections of the axis, different rules apply.





Give piecewise defined definitions for 


f(q) = squine(q) and f(q) = cosquine(q).�



Squine and Cosquine Validation Test
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1.	On the Unit square shown right, mark points where q = 1.6, 4.8  and  10.  Show clearly on the diagram the coordinates or lengths/distances which represent squine q  and  cosquine q  in each case.


				(5 marks)


2.	Draw neat, labelled graphs of squine q and  cosquine q  for  � EMBED Equation.2  ���.


				(7 marks)
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3.	The diagram shown left can be used to define the Unit square equivalent to tangent q (tanquent q ).





	The value of q shown is q = 1.2  Find the value of tanquent 1.2 by either drawing this diagram accurately on a piece of graph paper and measuring, or using similar triangles.


		(2 marks)


4.	Using either method, find the value of tanquent q  for q = 0, 0.2, 0.4, 0.6.....2.4


		(4 marks)








5.	Draw a neat labelled graph of tanquent q  for � EMBED Equation.2  ���.


								(5 marks)











�



6.	In addition to using the Unit circle and the Unit square, we can also use a Unit diamond.
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ie.	


We define q as the length of the perimeter from point P(1,0) to point Q(a,b).





Using this...





    	sdine q = b





and	cosdine q = a



































(a)	Find the value of q at which sdine q  and cosdine q  begin to repeat.


										(2 marks)


(b)	Investigate the values and graphs of sdine q  and  cosdine q  on this domain.


										(10 marks)








							Total marks:   35 
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