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Complex numbers with the HP49G - Part

Hi everybody!

This is the start of the second marathon, the Complex Number
Marathon which is especially dedicated to VPN and JHM, who have
been inspiring this group with his ideas and humour for years. (Boy, is
it dready such along time?;-) )

We are going to start with the easier things and proceed to more
complicated as the miles behind us get more. (Unconventional idea! ;-)
During this marathon, we are also going to use stuff from the first
marathon (trigonometry), so that at the end we will have the combined
strengths of both runs.

So |et the games begin!

Let's configure the HP49G, so that we have all the same settings. First
we set angle mode to radians. Y ou can do that in many ways:

I. Type RAD, press key [ENTER]RAD is the command the sets
angle mode to radians.

Il. Presskey [MODES], then press[ARROW DOWN] twice, then

A. press key [ALPHA], then key [( for entering an "R",
which isthefirst letter of "Radians" or

B. Press menu key [CHOOSE], then
1. Press key [ARROW DOWN] or key [ARROW
UP] as many times as necessary, until
"Radians’ is selected in the popup menu , or

2. Press key [ALPHA], then key [(J for entering
an"R", which isthefirst letter of "Radians’,

C. then press key [ENTER] or menu key [OK], and then
press key [ENTER] or menu key [OK] again.

[11. Press simultaneously keys [LEFT-SHIFT]-[MODES]. This
takes you to the old style configuration main menu. Press menu
key [ANGLE] and then menu key [RAD]. The menu key
changesto [RAD®] to indicate the current setting. Or,

V. Enter -17,
A. Type SF and press key [ENTER], or

B. Press ssimultaneously keys [LEFT-SHIFT]-[MODES],
press menu key [FLAG] and then menu key [SF]

SF is the command that sets a given flag, in this case flag -17, the
system flag which, if set, let's the HP49G be in radians angle mode.

(Would you believe me, if | say that there are still different variations
for settings?;-) ) Now asmall RAD should appear at the top left of the
screen, as an indicator of the setting for the radians angle mode.

Let's go on with settings. We want a rectangular coordinates system,
so press simultaneously keys [LEFT-SHIFT]-[MODES] to go to the
old style configuration main menu. Press menu key [ANGLE] and then
menu key [RECT], which changes to [RECT®] . A small XYZ adso
appears at the top of the screen as an indicator of a rectangular
coordinates system. Last thing, press key [NXT] to go to the second
page of the menu, and then press menu key [MODES]. This takes you
to the modes menu again. Press menu key [FLAG]. Enter -27 and the
press menu key [SF]. When the system flag -27 is set, then the
HP49G displays symbolic complex expressions in the form
realPart + imaginaryPart*i. (I'm an old fashioned guy, as you see,
but you could try yourself to find the other possible ways for this
settings.) These are the only settings necessary for reproducing the
things that we do next.

The simplest complex thing on the HP49G, is the complex number,
which the HP49G displays according to the conventions of

mathematics as (a,b) with a thereal and b theimaginary part. Let's
enter a complex number from the command line. Press[LEFT SHIFT]
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and then key [-]. The HP49G puts a pair of parentheses on the
command line and moves the cursor between them. Now type 1.23 for
the real part. We can use either blanks or one comma to separate the
real from the imaginary part. If you want the comma, then press
[RIGHT SHIFT] and [SPC]. But it is more convenient to only press
[SPC], because this takes only one key press. (You know, using less
key presses can be a life saver on the HP49G. ;-) ) Now type the
imaginary part 3.21 and press [ENTER]. Stack level 1 contains now:

(1.23,3.21). The same way enter (1,1). Did you notice something?
Though you entered both the real and the imaginary parts as integers
without decimal point, stack level one contains now (1.,1.). The

HP49G converted silently both parts, to real numbers with decimal
point.

Now, let's do the same from the EQW. In the EQW you don't use
parentheses to enter complex numbers. Type 1.23 and the press
[RIGHT SHIFT] and [SPC]. (Pressing only [SPC] doesn't work
here.) The HP49G putsthereal part in parentheses, puts acomma after
the real part and waits for you to enter the imaginary part. Enter 3.21
and press ENTER. Now stack level 1 contains 1.23 +3.21*i. Thisis
mathematically identical to (1.23,3.21) but the HP49G considers this
as an agebraic which smply happensto contain the imaginary unit i. If
you didn't drop the complex numbers that you entered from the
command line, press SWAP and then TYPE. The HP49G returns 1.
because thisis the object type of complex numbers. Now press SWAP
and TY PE again. The HP49G returns 9. because this is the object type
of algebraic expressions. We are going to examine such complex
algebraic expressions that evaluate to complex numbers in the next
part, but for now we keep in mind, that the EQW enters not complex
numbers but algebraic expressions, quite opposed to the EQW of the
HP48 which enters complex numbers. Another difference to the HP48
is that the HP49G displays complex numbers always in one line,
making it impossible to see the real an imaginary parts at once, while
the HP48 uses two lines, one for the real and one for the imaginary
part. Does anybody know if thisis possible with the HP49G?

Now, let's see what can be done with complex numbers. There is a

menu with commands for complex numbers. Press [LEFT SHIFT] and
then key [SYMB] to go to the MTH menu. Press key [NXT] and then
menu key [CMPLX] to go to the complex menu. ( There is another
complex menu which you get by pressing [RIGHT SHIFT] and key
[1] but it doesn't contain the commands R->C and C->R which we are
going to use.) Enter now the complex number (2.56,3.74). (For the
imaginary part typefirst 3.74 or at least the first digit 3 and then press
key [+/-].) Press [ENTER] to make a copy of this and press the menu
key [RE]. Thefunction RE* returnsthe real part of acomplex number.
Press key [ARROW RIGHT] to swap stack levels 1 and 2 and press
ENTER again to get another copy of the complex number. Asyou have
guessed the function IM returns the imaginary part of the complex
number, so press menu key [IM] for getting -3.74.

Swap levels 1 and 2 and press menu key [C->R] to split the complex
number to its real constituents, which are of course the same with the
real and imaginary part. The function OBJ-> (not in this menu) with a
complex number as argument does the same like the function C->R,
but it has also some differences, which we will examine later. Again,
as you can imagine, the function R->C does the opposite of C->R. It
takes two real numbers, the real part from stack level 2 and the
imaginary part from stack level 1, and combines them to a complex
number. The function R->C accepts also integers as arguments or
integers and reals mixed up.

Make a copy of the complex number. Now press menu key [ABS] to
get the magnitude of the complex number. Swap, make a copy and
press[ARG]. The function ARG givesthe angle of a complex number
in the current angle mode. (Don't confuse this with the command
LASTARG, which returns the arguments that were consumed by the
last operation.) Swap and make a copy again. Press key [NXT] to go
to the second page of the menu. Press menu key [SIGN]. This
function returns the sign of a complex number. Swap and copy and
press [NEG] to negate the complex number. Last thing, swap and
press [CONJ] to get the complex conjugate of the complex number.

! "Re" is also used in the greek language. It is the short version of the word "moré",
which was used in the past, for calling somebody "stupid*. So did we, greek people,
believe that finding someone stupid is knowing his or her real part? ;-)
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We have seen that the functions ABS and ARG return the magnitude
and the angle of a complex number, but can the HP49G represent
complex numbersin theform (r,J), r and J being the magnitude and
the angle respectively?. We wouldn't ask, if it weren't possible. ;-)
Enter the complex numbers (2.5,3.5), (- 5.6,2.3) and (- - 1) . They

are all represented as (a,b), a and b being the real and the imaginary
parts, because the current coordinate system is rectangular. Now, press
simultaneously keys [LEFT-SHIFT]-[MODES], press menu key
[ANGLE] and then menu key [CYLIN] to switch to polar coordinates.
A dramatic change on the whole display takes place. First of all, all
complex numbers are now displayed in the form (r,BJ). (B is
character number 128 of the HP49G built-in font.) The menu key
changesto [CYLIm] toindicate the current setting. And on the top of
the screen you see RB) Z asafurther indicator for coordinates mode.
Y ou can also use spherical coordinatesto do the same. Press menu key
[SPHER]. The indicator at the top of the screen changesto RB B,
and the menu key changesto [SPHE® ], but the complex numbers stay
the same because only the part RB , the radius and the first angle of
the coordinate system are important for complex numbers. (There is
however a difference between polar and spherical coordinates, which
we will talk about at the vectors and matrices marathon.) Switch now
back to polar coordinates.

Now, press [ARROW DOWN] to view the rest of the complex
number, which hides off screen to the right. As you can see, the angle
is expressed in radians, because the current angle mode is RAD. Press
ENTER to put the number back to the stack, and then press menu key
[DEG] to set the angle mode to degrees and make Veli-Pekka happy.
Now the angle parts have changed. Press[ARROW DOWN] again and
take alook at the angle of the complex number (11). You see that the
angle is -135. and not 225., which tells you that the HP49G counts
angles of complex numbers from - p to p, or from - 180° to 180°.

Can we also enter complex numbers in the form (r,BJ)? Yes, and

independently of the current coordinates mode. Switch to rectangular
coordinates and press [LEFT SHIFT], [-] to get a pair of parentheses

on the command line. Type 1.5 (the radius) and then press keys

[ALPHA], [RIGHT SHIFT], [6] to put the angle character B) &fter the
radius. Now type 45 and press ENTER. Now the complex number

(15.,845.) ison stack level 1. Whilein polar coordinates, let's enter a
complex number in the form (a,b) with a and b therea and
imaginary parts respectively. Enter for example (1,1). The complex

number is automaticaly converted to (1.41421356237045.)
accordingly to the current coordinates and angle mode. So if you enter
a complex number as (a,b) the HP49G shows it always in the form
that corresponds to the current coordinate system and angle mode.

We have used here the special character B to tell the HP49G, "what

follows is an angle". But how do we know if there is some key
sequence that produces this character, and which this key sequence is?
Let's make a small excursion to the another picturesgue place of the
HP49G, the character catalogue. (Y ou can go there from everywhere
by pressing the keys [RIGHT SHIFT] and [CAT], so be prepared that
it will be very crowded becauseit can be visited so easily. ;-) ) You get
a screen with all characters of the current font. You can move the
current selection from one character to the other using the arrow keys.

When the character B is selected, you see a/®™6 at the bottom left

of the screen, which tells you that the key sequence for this character is
[ALPHA], [RIGHT SHIFT], [6]. Then you see at the bottom middle
of the screen the character number of the currently selected character.
You can use this number as argument for the function CHR. For
example if you enter 128 and press CHR, the function returns the

string" B ". You also see three menu items over the keys F4, F5, F6.

The first one, [MODIF], allows you to modify the currently selected
character. The second one, [ECHOL], copies the currently selected
character to where you come from, (command line, EQW etc.) and
then exits the character catalogue and returns you right where you were
before you started the character catalogue. The third, [ECHQO] echoes
the currently selected character and doesn't exit the character catalogue,
allowing you to accumulate more than one special characters in the
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object that you want to edit, until you press ENTER or CANCL. The
inhabitants of this place, the characteroids, have some strange habits.
They won't allow you to turn the calculator off, while you are in their
land. They put an Externa on the stack (behind your back) which
examined with Nosy seems to be machine code for FALSE. JHM, can
you tell us if this is true? Now let's return to our main path again,
carrying the memories of the nice place and its strange inhabitants in
our minds.

A little care is required, when entering complex numbers as (r,BJ).

As the HP49G has no other way to guessif your angleisin radians or
degrees, it assumes always that the angle that you type in is measured

in units of the current angle mode. That means, if you enter (1.845.)
and the HP49G is in degrees mode, then it assumes that you mean 45
degrees. But if you enter (15.,845.) and the HP49G isin radians

mode, then it assumes that you mean 45 radians. Unfortunately you
cannot specify the angle using units. You cannot enter (1.945._°).

So you must first switch to the appropriate angle mode, or convert the
angle to the current units first, and then enter the complex number.

Another thing to aways be aware of, is that the command R->C
always assumes that the numbers on stack level 1 and 2 are the
imaginary and the real parts of a complex number, independently of
current angle mode settings. While your HP49G is in polar and
degrees mode enter the numbers 1 and 1 and press R->C. The

command converts the two numbers to the complex number (1.,1.)
and then displays it according to the current modes as
(1.41421356237B045.) . It doesn't assume that the 1. on stack level
2 is the magnitude and the 1. on stack level 1 isthe angle in degrees,
which would give the complex number (1.,B1.).

We can think of many ways to make our lives easier considering
complex number input. Assume for example that you would like to be

able to enter a complex number in polar form (r,EDJ) , Specifying the

units for the angle, and letting the HP49G make the conversion of the
angle to the current angle mode. One possible way would be to enter
the magnitude, then enter the angle with units and then letting the
HP49G compose the complex number. Of course we could check units
and modes and act accordingly but this is cumbersome because so
many combinations of angle modes and angle units have to be checked.
So, let's look for an easier way. You know of course the relations
between the rectangular and the polar form of a complex number:

¥o=rHoosii)

A y-Axis L

¥ =r#sin{i)

r= J:{" by
vy (L X)) o®
, ] —eirt:tanli J fl 1-— [+ =
’ x) M) 2

1]
. w=ANiIE

Xyl =r+{cosi@)+i+sin())

Now, it turns out that the functions SIN and COS also accept angles
with units as arguments, and return the correct result independently of
angle mode. That means, that if you for example enter 1_r and press
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COS, then the HP49G will calculate the COS of 1 r (or approximately
57.3 °) and not the COS of 1 degree, even if it is currently in degrees
angle mode. Thisis exactly what we need for our program.

<<
DUP CCs @mke a copy of the angle
@or later. Calculate COCS.
SWAP SI N @Jse copy of angle to
@al cul ate SIN
R->C @Conpose conpl ex nunber
@
* @ultiply by r
>>

STOreitin'r->C'. Thislittle program ("Programmli" in swiss german,
right Thomas?), will accept a radius and an angle in any units
regardless of current angle mode, and will return the correct complex
number, represented according to the current mode for coordinates and
angles. If you don't supply a unit with the angle, then the current unit
is assumed.

If you followed faithfully everything here then your HP49G must bein
polar degrees mode. If not, then configure it now. Enter 2.5 for radius
and then 1.5 r for angle. Press r->C. The program returns

(2.5,085.9436693699 , which shows that the input angle of 1.5 r
has been converted automatically to 85.9436693696_ ° according to
the current angle mode degrees. But is it correct? Switch to radians
mode. Now you see (2.5,91.5) which let us breath again, because

the programmli is small but does its work nice. Now, some guys out
there might say, "yes, but | still can't enter the whole complex number

at once as (2.5,B1.5) or as (2.5,985.9436693694 from the

command line." (Last part of the sentence comes presumably from
VPN ;-) ). But the HP49G wouldn't be the calculator that we know
and love, if it couldn't be heavily customised. Another not widely
known feature of this small wonder is vectored enter capability. What
is this strange thing? Well, you know that the key [ENTER] compiles

the command line, creates an object from the contents of the command
line, and then acts according to the rules of the OS about objects. The
vectored enter capability allows you to tell the HP49G how the
command line must be interpreted and compiled/executed. First of all,
vectored enter is activated if flags -62 (USER keys) and also -63 are
set. (Don't set these flags yet, we need some things more.) When these
flags are set, then the HP49G behaves like in the flow chart below. It

LM 1 15 '\-I.I"I"::I'.I.'.: I
procesing through pressing of
EMTER ar some other function key

Does e ENTER

318t

il ||'.|.' LTI Ine 4% a
strimg on the stack and
evalute nENTER

[hoes PEMTER ™, Yes
exigt ] #
Run commandoperation thal
triggered command line processing
Wormal Pt commandoperation that
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processing trigeered command ling processing
LI S e

A% 4 SLng a0 e SIEcK
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first checks to seeif thereis avariable named aENTER in the current
path. If so, then the text of the command line is put on the stack and

aENTER is evaluated. Then, if avariable named bENTER exists, the
command that caused the processing of the command line is first
evaluated, then it is put on the stack as a string, and then variable

bENTER is evauated.
For example, imagine that you just type:
12

on the command line, and you press [+]. Then, the command line text
isthestring "1 2". In vectored enter mode, if variableaENTER exists,

then this string is put on the stack. The program in aENTER must now
do something with this string, parse it, evaluate it and so on. Then, if

bENTER also exists, the command + is evaluated, the string "+" is put

on the stack and bENTER is evaluated. At this point, | must confess
that | think that the evaluation of the command + (or any other
command that triggered processing of the command line) is not avery
well thought out thing. It makes it impossible to do something
completely different with the command line, because if you have
ENTER, then you must provide the arguments for the following + (or
any other command). If the command + were not executed, then you
could just do anything, without caring if + gets its arguments. In case
you want the command to be executed, you could just take the
command string "+" and do an OBJ-> on it, after you have extracted
the right arguments from the command line and put them on the stack.

Anyway, vectored enter gives us a very detailed way to control what
happens upon command line completion. Don't confuse this with the
user key definitions. Vectored enter is much like a unix shell. The
advantage is the complete control over command line processing. The
disadvantage is that we must do command line parsing ourselves, and
this proves to be a tedious task, if we want to catch all possible errors
in the command line. (Syntax etc.)

The next flow chart shows our strategy, for making possible to enter
complex numbers with units of angle. Our path is coloured blue. We

get the entered command line asastring and giveit to aENTER. Then
aENTER parses the command line. It looks for complex numbers of
the form (reaIPartED imaginaryPart_unit) . If it finds such a complex

Command ling is submited for
procesing theewgh pressing of
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number, it converts to a valid complex number, using the same
procedure like the "Programmli”. It then replaces in the command line
string the invalid complex number (the one with units), with the valid
complex number, and uses OBJ-> to make an object (or sequence of
objects) that will be used by the command that triggered command line
processing (be it ENTER, + or anything.)

Of course the difficult thing is to parse the command line. How can we
do that? The user might enter just about anything. Nobody can
guarantee that the user enters a command line that only contains one

complex number with units of angle. What if the user doesn't use" b "
but "," as separator between the radius and the angle? And what is to
do, when the user enters an erroneous command line? Y ou see, parsing
iskind of an art. But because thisis a complex numbers marathon and
not a "Write your own shell marathon", we make a compromise. Our

aENTER should be able to extract and convert exactly one invalid

complex number that contains "B " asthe separator of radius and
angle. In case of other error, we return the erroneous command line
string on the stack and do nothing more.

Hereitis
<<
DUPDUP " (" POS OVER ")" POS SUB
-> cmdstr cnpl x
<<
I F
cnplx "P" PCS
THEN
cnplx 2 OVER "H " PCS 1 - SUB
cnplx DUP "P" POS 1 + OVER SIZE 1 - SUB
-> r q
<<
I F
r SIZE NOT q SIZE NOT OR
THEN

cnmdstr OBJ->

ELSE
| FERR
r OBJ->
THEN
DROP cndstr
ELSE
| FERR
q OBJ->
THEN
DROP2 cndstr
ELSE
I F
OVER DUP TYPE NOT SWAP
TYPE 28. == OR
OVER TYPE 13. == AND
THEN
DUP COS SWAP SIN R->C *
->NUM - >STR
cnmdstr cnpl x ROT SREPL
DROP OBJ- >
ELSE
DROP2 cndstr OBJ->
END
END
END
END
>>
ELSE
cndstr OBJ->
END
>>
>>

STOre this in aENTER. The character "a" is key sequence
[ALPHAL[RIGHT SHIFT],[F1]. Now enter -63 SF and -62 SF. A
small string "USR" appears now at the top of the screen at the right of
the current path. Switch to radians angle mode and polar coordinates.
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Let's check if it does its work. First we check if it works right for
inputs that don't contain polar complex numbers with units for the
angle. Type 1 2 and press [+]. Nothing unusual happens. Y ou just get
the result 3. Presskey [LEFT SHIFT] and [SPC] to get ap on the

stack. Press key [SIN]. Right result, you get a zero. Type (3,4) and

press [ENTER]. You get (5.,8.927295218002 . Type (3.,53.14)

and press keys [RIGHT SHIFT], [. ] to get theangle 3.14 on the
stack. Seems to work al right for "normal cases'. And now the long

awaited moment of the truth. Type (3990_°). The character " " is

[RIGHT SHIFT],[-]. The character "°" for degrees is [ALPHA], and
then simultaneously keys [RIGHT SHIFT] and [6]. Now press
[ENTER] and enjoy! The HP49G has faithfully followed the rules and

converted our input to (3.,91.57079632679 , using the current
angle mode. Switch to degrees mode. The complex number in stack
level 1 is now (3.,889.9999999997), that isan angle of
approximately 90°. (You dont get exactly 90 ° because

1.57079632679 radiansis not exactly g . Type (185)2.0944_ r).

The small "r" is for units of radians. And 2.0944 r is approximately
120 °. Press [ENTER]. You get the complex number

(18.,120.000280619) .

Of course our "shell" will error out, if you enter something like for
example (3,#5), because it doesn't handle such syntax errors. It will

also error out if you type (3.2847_°) (1.39123.3_°) and press
[ENTER] to enter two complex numbers in polar form with units of

angle at once. But you get theidea. Y ou can changea ENTER so that it
does more checking if you like. For example the program could check
in aloop al occurrences of such complex numbers and convert them all
to syntactically valid complex numbers. The limit of possibilitiesisin
your fantasy.

A bit more on angles. Sometimes you are in radians angle mode
(except if you are Veli-Pekka ;-) ), but you would like to see an angle

in degrees. For example, using the command ARG you find the angle
of a complex number. If you are in radians mode, then you get an
angle of, say, 2.1345 radians. Y ou don't have to re-enter the complex
number, switch mode and, use ARG again. There is the built-in
command R->D, which converts a unitless number, that represents an
angle in radians, to degrees. The opposite does D->R, it converts a
unitless number from degrees to radians. Unfortunately, there are no
commands for conversion to and from grad, but it is easy to program
that.

Another way to convert between angles, is to use units. Suppose for
example that you have 35 on stack level one, representing an angle of
35°, and you want to know the angle in grad. Press [RIGHT SHIFT]
and then [6] to go to the units menu. Press key [NXT] twice and then
the menu key [ANGL]. You get a menu with angle units. While 35 is
on stack level 1, pressthe menu key [°]. If anumber is on stack level
one, and you press a unit menu key, then the unit is multiplied with the
number. Now your HP49G knows that the number 35 is meant as
degrees. Press [LEFT SHIFT] and then the menu key [grad]. The
number on stack level 1 is now expressed in grads,
38.8888888888 grad. Pressing [LEFT SHIFT] and then a unit
menu key while a number with a unit is on the stack, converts the
number to the unit of the menu key (if the units are compatible). If you
press [RIGHT SHIFT] and then a unit menu key while a number with
or without a unit is on the stack, you divide the number with the unit of
the menu key. If you want to get the number part of, say
38.8888888888_grad, then you use command UVAL. The
command CONVERT is the programmable analogon of converting
through pressing [LEFT SHIFT] and then a unit menu key. It takes the
number with a unit that you want to convert from stack level 2 and the
new unit from stack level 1, and returns the number in units of stack
level 1. For example, with 38.8888888888 grad on stack level 2
and 1 r on stack level 1, CONVERT returns .610865238198 r.
There is also a programming help for this. While you edit a program
and you are at a unit menu, pressing [LEFT SHIFT] and then a unit
menu key, puts '1 unit' CONVERT in the program. ('1_unit' can be
for example 'L ', "1 r' or any other unit. And by the way, red
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numbers with units, like 38.8888888888_grad are adistinct type of
object on the HP49G. Their object type is 13. This gives us the
possibility to make programs that run differently if the user inputs a
unitless number or a unit.

Still more on angles. Sometimes you want to convert decimal degrees
to degrees, minutes and seconds. For example, let's say you have
120.6578999 degrees and you want to know the angle in degrees,
minutes, seconds. (The number has to be unitless.) The built-in
function ->HMS does this conversion and returns 120.392843964 in
this case. The result means 120°39'28" and therest of the digitsis
parts of a second. The opposite conversion is done with the built-in
command HMS->. (These two commands can aso be used for the
conversions decimal hours to/from hours, minutes, seconds.)

Let's see now, what functions the HP49G provides for complex
numbers. Almost any function that you can use for real numbers, you
can also use for complex numbers. You can use the norma +, -, *, /
for addition, subtraction, multiplication and division. Y ou can also use
SIN, COS, EXP etc. just like you do with real numbers. There is no
such thing like for example CSIN for finding the sine of a complex
number. The HP49G uses the same function name for real and
complex numbers (where appropriate). Each UserRPL function does a
lot of arguments checking before it starts calculating. It first checks if
there are enough arguments. If not it errors with "Too few arguments’.
If there are enough arguments, then it checks what argument type the
arguments have. If the arguments have types that the function doesn't
deal with, then it shows the error "Bad argument type". If the
arguments have valid types, then it goes on processing.

A little care is needed when you calculate roots or raise complex
numbers to broken exponents. The HP49G behaves different,
depending on the argument types. But first let's take a look at the

mathematics hidden behind the key [W ] and [YX] for complex
numbers. For any complex number :

(a,b) =rxcos(3) +ixsin(J)) (1)

where r istheradiusand J isthe angle of the complex number. If we
raise (1) to the power n, we have:

(ab)" =r"cos(3) +ixsin(J))" (2

Now, from the trigonometry marathon we know that:
cos(J)+ixsin(J) =" ©)
We substitute ™ for cos(J) +i>sin(J) in (2) and so we obtain:

(a,b)" =r" "

(4)

Now we substitute cos(nx))+ixsinnx)) for "™

find:

in (4) and we

(ab)" =" {cos(nx1) +ixsin(n 7)) (5)

The last relation (5) is known as Moivre formula, and is valid for any

. . 1
power n. Now, if the power n isof the form - , then we are actually

calculating 7f(a,b) , the mth root of the complex number (a,b) . The
mth root of the complex number (a,b) =rcos(J ) +i>sin(J)) isa
complex number (x,y) =r %cos(j ) +ixsin(j )) which satisfies:

(xy)"=rm ><(cos(j ) +ixsin(j ))”‘ -
r™ cos(m>j ) +ixsin(m> )) =r(cos(J) +i>sin(3))
From this we derive for theradius r of (x,y):

r=4r (6)
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For theangle| of (x,y) we derive:

~J nxXp
m

(remember TRISOL?) @)

In (7) the integer values for n are0,1...m- 1. For n=m we have
again the sameroot asfor n= 0. That meansthat there are two square
roots with n = 0,1, three cubic rootswith n=0,1,2, etc. of (a,b) .
For example, the three cubic roots of (a,b) = r>cos(J ) +ixsin(J))
are:
Ui £eos2 0 4 irgin 2. O ()

e e3g &3

U feos® + 2RO in®. 12D 60 (ii)
e e3 3 0 e3 3 90

U Beos + 22W0  jin®. , 22080 (iii)
e €3 3 @ €3 3 2

These three cubic roots sit Ay-Axis

on the angles of a regular s

triangle, if we plot them on
the complex plane, with the
real and imaginary part as

x- and y- components

respectively.

Similarly the four 4th roots -
st on the angles of a o A i

regular square, the five 5th
roots sit on the angles of a
regular pentagon, and in
genera the m mth roots sit
on the angles of a regular
m-gon. And speaking
about pentagon, as you

can see, even the deafness of the United States relies on the validity of
mathematics of complex numbers. ;-)

Now the question is, which of the mth roots should the HP49G give

when we ask it to take mth root of a complex number? It turns out the
HP49G answers differently according to the types of the arguments

that are given for example to the function Y . Let's make atable of
results for all possible combinations of arguments Y and X for the

function /Y, arguments that are evaluable to complex or red
numbers. Though symbolic expressions that evaluate to complex
numbers are examined in the next part of this marathon, we include
them in our table now, so that we have all possibilities in one place.
The table contains strictly the direct results of the function. If some of
these results can be evaluated to numbers using other commands, then
a description of this evaluation is put in the paragraphs following the
table. Thetable isdivided into regions as follows:

1) The regions of combinations of arguments X and Y that have
the same numeric values are enclosed in solid black bounds.
For example the region of combinationsof X and Y arguments
that have the same numeric values, is shown below.

Numerical value of y is -27.
Mumerical value of x is 3.

, B C
1 e
XK -27 _27. |
vy Y Y
T1+i% 3 R
3
z 3 & 2 &
R
5 3 -3 -3 i
C WROOTE EOT Ervar: |}{""
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2)

Orange for all results that
evaluate to
(1.5,2.509807621136)

T+i% 3

Y
3

-3

-3 -3

4

Green for all results that
evaluate to-3

3)
RAD KYZ =
A
Y -
¥
iy WY

Now let's examine the table. We see that the whole row 4
and column D are red, and red implies bad things. (Why is
danger always red?) That means, that complex humbers as

arguments for X/Y are not allowed at all. The region B2-C3 |-%
contains results for arguments that evaluate to numeric
values of Y=27. and X=3. But why are the results not the| =

Complex numbers with the HP49G - Part

Inside such regions, all results that directly or after some

manipulations return the same
numeric values, are coloured
with the same colour. For
example the region of the results
from a numeric values of Y=27.
and X=3. are divided into an
orange sub-region, that contains
al results with numeric value

(1.5,2.5980762113¢ and a

green sub-region that contains all
results with numeric value of -3.

Over the table we see the settings under which the results are
obtained. If

the command or

manipulations of its results also change
modes, then this is described in the

. expression.
paragraphs following the
table. RAD X¥YZ C=
A B C O E
-
X . v oy
. \E 27 27, 2.3) 243
i% o3 %ROOT Errar: 35 e
) 3 3 3 3 Bad Argument Type 243+
, XROOT Emar: -
3 3. -3. -3. Biad Argument Type V2+34
12 XROOT Emrar; XROOT Emor: KROOT Emaor: XROOT Ermror:
(1.2 Bad Argument Type Bad Argument Type [Bad Argument Type Bad Argument Type
P XROOT Emar: R
T2 “af-z7 1.:@ Ead Argument Type A

same? Why isthe cubic root of -27 in
B2 not -3? As said earlier, there are
three cubic roots of -27. If we plot
them, we see that the returned root is
the one, that comesfirst if we start at
the x-axis and follow the circle
counter-clockwise. This is the

behaviour of the function ¥/Y , when
we give it integer arguments. It
aways finds the "first" root, "first"
meaning the one that we meet if we
start at the x-axis and go counter-
clockwise.

F
2 Jrin 43
. 2
3
-
" ivy3
- .

If any of the real-valued argumentsis of type 0. (real number), then the
principal valueis returned. (Green coloured sub-region of the table.)

The next paragraphs describe also how to get numerical values of the
results shown in the table, when the function ¥/Y returns asymbolic
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Cdll B5:

Cell C5:

Cdl E2;

Complex numbers with the HP49G - Part

->NUM on *3f-27 resultsin:
->NUM Error:
Bad Argument Type.

Press TSIMP to convert *3f- 27 to:

Cdl E3:

(3- 6APLN(3)+(2+i)p
e 5

Now press->NUM to obtain:

(5.2385418165-4.32370051244

->NUM on *3f-27. resultsin:
->NUM Error:
Bad Argument Type.

Press TSIMP to convert *3f-27. to:

e 4N This also switches the HP49G to
approximate mode. You can press now ->NUM to
obtain:

Cell ES:

(5.2385418165-4.32370051244

->NUM on ¥/2 + 3 % resultsin:

->NUM Error:

Bad Argument Type.

Press TSIMP to convert 3/2 + 3 % to:
iATANg-zg
%

3% .

Now press->NUM to obtain
(1.41585661836- .493403534109 .

->NUM on ¥/2 + 3% resultsin
-=>NUM Error:
Bad Argument Type.

Press TSIMP to convert /2 + 3 % to:

0
0 (0.,.333333333333) >ATAN§§¢+ .16666666666 A N(13)
1)

e x

This also switches the HP49G to approximate mode.
Y ou can press now ->NUM to obtain:

(1.41585661836- .493403534109

->NUM on *3f2 + 35 resultsin:
->NUM Error:
Bad Argument Type.

Press TSIMP to convert *3f2 + 3% to:

(4+2>¢)>ATAN§_§2+(1- 24)LN(L3)
%)

e 10

Press ->NUM to obtain:
(1.8197326743-.595841009679
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Let's make the same table for /Y but for polar coordinates mode.

In polar coordinates mode, the HP49 returned

RAD RaZ C = the "first" solution written in polar form. It
A B C o) C | returns aso th(.?p i of the exponent written in its
- polar form, e? .EXPAND iin polar mode
- W 27 _27. (2.3.) 243 ] »
- andyouasogete?.
e 3 *ROOT Ermor: 3f x|
2 3 g 3 -3 Bad Argument Typa 243
T e Cell B5:  ->NUM on ¥3f- 27 resultsin:
3 3. -3 -3 Bad Argument Type v 2+3% :I'>Ig(l3JM Error: Bad Argument
ype.
(1.2) XROOT Ermor: XROOT Error: XROOT Error: ¥ROOT Error: _
4 " Bad Argument Type Bad Argument Type[Bad Argument Type Bad Argument Type Press TSIMP to convert *3f-27
to:
: . XROOT Emor: , a0
# 2+ 2% 24 ul 2ATANGS =P patan e
c H-2+ -27 =27, Bad Argument Typa 2+34] o 2 ANG)HBre &o
L e 5
ﬁ This is the (complicated) polar
Cell B2: You can use ->NUM on 3xe ° to get the numerical form of the cell BS in the previous

value: (2.9999999999991.0471975513.

DE%J
The result 3xe * seemsto beerroneousat first
glance. But if you press POWEXPAND, you get
exactly the same asin cell B2 of the previoustable. The

P Cell C5:

expression e? inthe exponent is equal to i so that the
in
returned result isequal to 3xe 3 .
p .
(Explanation: e 2 = cos{jEEO
€20

+ixsin 0= 0 +ixt =)

€20
» »

To show that e? =i onthe HP49G, enter e? and

press SINCOS.)

table.
obtain:

Now press>NUM to

(6.7924006421684.32370051249 .

->NUM on *3f-27. resultsin:
->NUM Error:
Bad Argument Type.

Press TSIMP to convert *3f- 27. to:

Q0 * e(.4472135995,a- 1.10714871779)*LN(- 27.)

This aso switches the HP49G to approximate mode.
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Cdl E2;

Cdl E3:

Cell ES:

Y ou can press now ->NUM to obtain:

(6.79240064216D4.32370051242)

->NUM on ¥/2 + 3 % resultsin:
->NUM Error:
Bad Argument Type.

Press TSIMP to convert 3/2 + 3 to:
e%) ATANa?’g

Szﬂ
Vi3> % .

Now press ->NUM to obtain:

(1.533406237019.32759790775

->NUM on ¥/2 + 3% resultsin:
->NUM Error:
Bad Argument Type

Press TSIMP to convert 3/2 + 35 to:

e’*e

This aso switches the HP49G to approximate mode.

Y ou can press now ->NUM to obtain:

(1.53340623701p.32759790779

->NUM on *372 + 3 % resultsin:
->NUM Error:
Bad Argument Type.

5
(-333333333333,01.57079632679) >ATAN§ +.166666666667kN(13)
2

Press TSIMP to convert *3/2 + 3 % to:

*10 . MTAN%E}E- p

PATANg= = 20 i 29

2x/5*e 2”>ATANg§¢+J5*e 3 £NL3)
%)

e 10

Press ->NUM to obtain:

(1.91479855725.316431126849

Y ou can make such tables yourself for other combinations of modes. |
didn't include such cases like the cubic root of 27, because the result 3
can be also understood through the rule "first root in counter clockwise
direction”. But of course if they are helpful for you, you can include
them in your table.

We continue with the next table (next page). As you of course know,
1

instead of calculating XY wecanalsodo X" .
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RAD XYZ C = Cel E2: ->NUM on ¥/2 +3> resultsin:
->NUM Error:
2 g G L E Bad Argument Type.
X }.f’“ - 27 27, (2.3) 243+ 3 A
I, J : Press TSIMP to convert 3/2 + 3 to:
. &30
1 1+i% J3 * Errair: ) i AT
5 E I 2,_-'— -3. Bad Argument Type s 6\/]3 xe_ggz _
A5 BRGET1RS o F335353335333 ‘e
, |-33333333333} (15,2 50807621 135 (15.2.50007621135 amnnnnas o (24340 #5550 Now press ->NUM to obtain:
1 (1.41585661836- .493403534109.
(523854181643 (523854181649 _ i
4 (1,2.) 4 32370061241 =4.32370061241 “_;ﬂ;:[?:ﬁfg;;; I:_2+:’:'I=-!-|_:|' 4
1 KN RN _r | celE3 >NUMon (2+3%) 77 gives
. I (=27 iz (=27 Jwz (2.3} (243475 | (1.41585661836- 493403534109
1 1
1+ . = (2,-.4) N
Cell B2 You can use ->SNUM on ix/3 Cells D5,E4,E5: ->NUM on (2.,3.)7%, (2.,3.)"", (2 +3x)F%,

CdlsB3,C3:

CedllsB5,C5:

Cdl D2

3XT to get the

numerical value (15.,2.59807621135 .

1

Theresult (15.,2.59807621139 isthe sameasin B2.

Y X doesn't behave like ¥/Y'! Compare these results

with thefirst table.

1 1
->NUM on (- 27)72 and (- 27.)7% gives:

(5.23854181649- 4.3237005129

Thisisthe only case that resultsin error.

gives (1.41585661836- .493403534109.

One method to get all nth roots of a complex number, is to solve the
equation w" =z for w . For examplelet'sfind all cubic roots of -27.

We enter w® = - 27 and w . Then we can use one of the solving
commands of the HP49G. | choose ZEROS in case | just want to see
the solutions. ZEROS returns the solutions list:

‘I % -. . % . . u
[ Ead B0 g 130 4
1 € 2 @ e 2 o ?;

If wewould liketo let aprogram find all real solutions, then we could
use ZEROS to get a list of solutions and then check the angle of the
arguments. The command ARG returns O or p for real positive or
negative arguments. When we have the solution list, we can use for
example:
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1
<<
DUP - >NUM ARG
I F
DUP
p ->NUM -
AND
THEN
DROP
END
>>
DOSUBS

@s angle not O
@nd not p

to get only the real roots. (Program DROPCMPLX)

And thereis still another (beautiful) method, which we will examine at
the vectors and matrices marathon.

Speaking about vectors and matrices, let's take a short look at the
complex numbers as elements of vectors and matrices. A numeric
vector can contain real and/or complex elements. If the vector contains
only real numbers as elements, then it is of type 3. If it contains only
complex numbers then it is of type 4. If it is mixed, then it gets

complicated. Enter the vector [1. (2,3)]. ( 1. with decimal point.) In
the command line you see one real number and one complex number
inside the vector. But if you press [ENTER], the real number 1. is
converted to the complex number (1.,0.). The vector contains now

only complex numbers and is of type 4. But if you enter [1. (2,3)] (1

is now integer without decimal point), and press [ENTER], then the
vector doesn't change. Because it contains one integer, it is of type 29,
the new array type on the HP49G. So watch out what you enter, or
some commands for real/complex vectors may/will not work. The
complex numbers are displayed according to the current mode, even
inside such "numerical vectors'.

The construction of such vectorsis easy, as there are many commands
for this. To make an n-dimensional vector out of n real and/or complex

numbers that are on the stack, you enter n (the number of elements)
and press ->ARRY. If the elements are in a list like for example in

{(2.,3.) 1. (3.1.)} youcanasouse AXL toturnthelist to an

array, but the constructed vector [(2.,3.) 1. (3.,1.)] isno more of
type 3 or 4, though it contains only numbers. Y ou must apply ->NUM
withthevector [(2.,3.) 1. (3.1.)] asargument, toturnit to atype 4
vector. The vector looks exactly the same after ->NUM, but it has
changed type. To explode a vector to its elements, use OBJ->, or
ARRY->, or V->. OBJ-> puts the elements on the stack, starting at the
left of the vector. It aso puts the number of elementsin alist at stack
level 1. ARRY-> does the same like OBJ>. It is retained for
compatibility with the HP28. V-> puts only the elements and no
element count on the stack.

1 _'{:—_'..:-1] 1{?‘1 {3{31%.

Numeric complex matrices can be also made using ->ARRY . You just
put all elements on the stack and then put a list with two numbers, the
number of rows and the number of columns, on the stack. For
example:

(2.3)
1

= Pl Lal ofw

5 (2.3)
4 1
i c‘if'” 1:[(2.3) (1.0)
1 2.2} L(3.1) (4.5)

OBJ>, ARRY-> do the opposite, while V-> doesn't work for
matrices.
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The commands R->C and C->R work also with vectors and matrices.
If you put amatrix/vector with the real parts as elements on stack level
2 and a matrix/vector with the imaginary parts as elements on stack
level 1 then you can compose the complex vector with R->C. Both
matrices/vectors must have the same dimension. For example:

10 (40 8 12] 124 (3.8) (4.12)]

2: el 2g
8 4 1: §(1.,5.) (2.,6.)1‘5
T g §3.7.) (4.8)f
& 8t

C->R does the opposite, it creates two matrices/vectors containing the
real and imaginary parts of a given matrix/or vector. Note the
difference between OBJ> and C->R for a complex matrix/vector.
While both commands do the same with complex numbers, they act
differently when fed with matrices/vectors.

And now for a strange phenomenon! If you put two complex numbers,
like for example (2.,3.) and (3.,4.) on the stack and use R->C, then

you get the error "Bad argument type". Good! R->C expects real
numbers and so errors out. But put two complex matrices/vectors of
the same dimensions on the stack and press R->C. What is going on
here? It seems that the HP49G determined that it has to build a new 2-
dimensional vector, and
then it started building it
using real and imaginary
parts of both vectors one
after the other, until the
new vector had 2
elements. The group says it is a bug, JYA declares that to a feature,
and Nick thinksin silent mode, what could this back door be used for?

2 [(1,2) (3.4)]

1:[(8.6) (7.8)] 1 [(1.5) (2.6))

We will see how such "features" can be used for reasonable purposes
in the "sets and mappings marathon”, somewhere in the far future.

The other functions for complex numbers that can be also used for
matrices/vectors with complex elements are:

RE: Returnsan array with the rea parts of each el ement.

IM:  Returns an array with the imaginary parts of each element.
NEG: Negates each array element.

CONJ: Conjugates each matrix element.

ABSworks but it doesn't return the magnitude of each element, but the
Euclidean norm of the array. If you want an array with the magnitude
of each element, put the array on the stack, enter << ABS >> and then
press MAP.

ARG doesn't work for arrays. If you want an array with the angles of
each element, put the array on the stack, enter << ARG >> and then
press MAP.

MAP and the many other commands for construction and explosion of
arrays will be examined in detail later in this marathon and in the
"vectors and matrices marathon".

Talking about bugs, errh, features ;-) , here you are another one. Enter

'n', 1+2% 3+4X 'n'.Press[S] to caculatethe sum. You get the
error "Bad argument type", which is OK. But now go to the EQW,

3+4%
enter é_ n and press[ENTER] to go to the stack with this algebraic

n=1+2%

object. Now press EVAL or EXPAND and you get the result 13 .
What the heck happened? Well, you can understand this better if you

o1 ~ n0?%-n0- (nl2 +n])
enter A n and press EXPAND. Theresultis- > .
n=n0
Now enter n0 = (1.,2.), press SUBST to substitute the value for n0,
enter n1=(3.,4.), press SUBST again to substitute the value for n1,
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press EXPAND and you get 13* i. The HP49G has found how to
nl
calculate symbolically the sum of the form é n, and then it blindly put

n=n0
the values for n0 and nl in the formula. Don't panic, you got your
towel! Let's you find away to put something elsein nO and nlinthe
nl

sum @ n, so that the HP49G will calculate symbolically sums of
n=n0

programs or even directories. (What wonderful stuff for a meta-
mathematics marathon! ) First of all, it isimpossible to enter something
"inappropriate" for the sum-index or the summand right from the EQW
or the command line, because the built-in mechanismsfor syntax proof
will not allow this. But we have the commands ->ALG, ->LST and
COMP-> of the built-in menu 256. These commands are exactly what
we need. ( Enter 256 MENU to see these commands. ) We enter asum
first, just to use it as place holder for our strange experiments with
sums. Go to the EQW and enter:

1
o]
an
n=0

Take that to the stack and press ->L ST. When an algebraic is on stack
level 1, the command ->L ST turnsit to and RPN-List. Now stack level
1 contains:

{nO.l.né}

Press ENTER a couple of timesto make some copies of thislist, aswe
need it for several strange experiments. Now, edit thislist and replace
the summing bounds with two vectors, so that the list now is:

{n oo o] 11]n @]

Now press ->ALG, which can take alist from stack level 1 and return
its algebraic equivalent. Now you have the sum:

which is reason enough to raise your arms in the air and scream. (I did
that, and our neighbours look at me very strange since then.) If you
now press EVAL, then you get the error "Bad Argument Type". If you
press ->NUM then you get the error "Undefined Name'. Don't
EXPAND, your HP49G will presumably crash! Obvioudly, the sum

can be displayed, but it can't be EVALuated or ->NUMerated.

Press->L ST to turn the algebraic object to alist and edit the list, so that
it now is:

{n << (0.0) ABS > << (3.4) ABS > n § |

(You got it, we try to put programs as the summing limits. Now, press
->ALG. The sum that you get is:

<< (3.,4.2) ABS >>

an

n=<< (0.0.) ABS >>

a sum that goes (theoretically) from the magnitude of (0.,0.), whichis
0., to the magnitude of (3.,4.) which is5..

Press EVAL. After awhile you get the result 'Invalid_Object'. This
is aname (type 6.) which is obviously used when the HP49G wants to
tell you that it found something illegal while evaluating. Press DROP to
save the HP49G from illegality and crime. But we still don't give up.
Let's try to put programs without the delimiters "<<" and ">>" as
summing limits. We can't enter such programs directly, but we can
compose them using ->PRG, which takes a list with various objects
and turnsit to a program with exactly the objects of the list. Enter first
a 2. We need it to put our composed program at position 2 of the list

that represents the sum. Now, enter thelist {(0.,0.) ABS}, and press
->PRG. The object at stack level 1isnow:

1-18



Complex numbers with the HP49G - Part

(0.,0.) ABS

which is a program without the delimiters "<<" and ">>". It still can
run as a normal program does. Now stack level 3 should contain the

Iist{n 0. 1L n é },stacklevel 2 should contain the number 2

and stack level 1 should contain the program (0.,0.) ABS. Now

press PUT. This command puts the object at stack level 1 at the
position given at stack level 2 in the list given at stack level 3. (It can
do more, but for now it suffices to know how it works with lists.) The
result at stack level 1is:

{n (0.0) ABs 1. n &}

Theobject (0.,0.) ABS looks like two objectsin thelist, but it is still
asingle object. Now enter a3, and then enter thelist {(3.,4.) ABS}.

Press ->PRG to convert the list to the program (3.,4.) ABS. Press
PUT. Thelist on stack level 1 isnow:

{n (0.0) ABS (3.4) ABS n & |}

Now press ->ALG and see the result:

(3"4'2, ABS

an

n=(0.0) ABS

PressEVAL. Theresult is 15., asit must be. The moral of the story is,
if you have sums of which the summing limits must first be calcul ated
through some programs, then you can put these programs without
delimiters at the place holders for the summing limits in the sum. We
make asmall program to automate this.

<< -> sum dx | ow hi gh sunmmand

<< sum dx
| ow ->LST @urn low limt to list
TAI L REVLI ST @rake program w t hout
TAI L REVLI ST @elimters "<<" and
->PRG @ >>"
hi gh ->LST @urn high limt to list
TAI L REVLI ST @rake program w t hout
TAI L REVLI ST @elimters "<<" and
->PRG @ >>"
sumand
{S} HEAD @ut conmand S on stack
5 ->ALG @mke al gebraic

>>
>>

Here we see the second way that ->ALG works. When a number n is
on stack level 1, the command takes n arguments from the stack and

composes an algebraic object out of these objects. STOre it in ->S.
Now, enter n, << (0.,,0.) ABS >>, << (3.4.) ABS>>, and n and

press->S. Theresultis:

(3.4.) ABS

an
n=(0.0) ABS

which you can evaluate to 15.

Having programs as summation limits leads us to the next question:
Can programs without delimiters be also used as summands? Let's see:

DROPanyobjectsfromthestackuntilthelist{n 0. 1. n é }is

on stack level 1. Enter a 4 (the position where the summand will be
put. Now enter the program:
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<<
0.
1. 3.
FOR |
Il n* +
NEXT
>>

Press ->LST, TAIL, REVLIST, TAIL, REVLIST ->PRG. The
program now has lost its delimiters and is now:

0. 1. 3. FOR | |
+ NEXT

n *

Now press PUT. Thelist on stack level 1 isnow:
{n 0. 1 013 FORIIN* +NEXT § }

Again, the whole sequence of objects0. 1. 3. FOR I | n* + NEXT isa
single object, a program. Press ->ALG. Now you have the algebraic
object:

1.
Q0.1 3. FORIINn* +NEXT
n=0.

If you EVAL this, you get 6., the right result. So putting programs
without delimiters as summands seems to work. We can modify our

program ->S to do this:

<< -> sum dx | ow hi gh sunmmand

<< sum dx
| ow ->LST @urn low limt to |ist
TAI L REVLI ST @rake program w t hout
TAlI L REVLI ST @elimters "<<" and
- >PRG @ >>"
hi gh ->LST @urn high limt to |ist

TAI L REVLI ST @rake program w t hout
TAI L REVLI ST @elimters "<<" and
->PRG @ >>"

sunmand ->LST @urn sumand to |i st

TAI L REVLI ST @rake program w t hout
TAI L REVLI ST @elimters "<<" and
->PRG @ >>"

{ } HEAD @ut command on stack
5 ->ALG @vbke al gebraic

>>
>>

STOre thisin ->S. Let's try it: Enter n, << (0.,0.) ABS >>,
(3.,4) ABS>>, and the program:

<<

<<
0.
1. 3.
FOR |
I n* +
NEXT
>>

for the summand. Press ->S to get:

(3.4.) ABS

a0.1. 3. FOR IIn * + NEXT

n=(0.0) ABS.
Press EVAL to get 90. the correct resullt.

A little bit more on out freak sums. You know of course that vectors
are not allowed in algebraics, don't you? Well it turns out that they are
1

allowed, but indirectly. Let's work it out. Enter the dummy sum é n

n=0

again and press->L ST to make it alist. Now enter thelist:
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{[n n? n3] ABS}
Press ->ALG to be astonished once. Theresult is;

[r o]

anice vector in an even nicer algebraic.

Now enter a4, SWAP and PUT, to put the algebraic with the vector at
position 4 of the list. Press ->ALG. Astonishment again, because you
get the sum:

1
alh n? n
Al ]
PressEVAL to get the correct result 1.73205080757, and wonder why
the "manual” doesn't even mention this, and why it is impossible to

enter such things directly in the EQW. (But you know the method.
Write a program that doesit ;-) )

Enough astonishing things. You can experiment further for yourself
and don't forget to inform us about your results. Let's return again to
our main path.

The numerical solver of the HP49G can only find numeric solutions of
equations with real variables. It will not find complex numeric
solutions. But we know that when the magnitude of a complex quantity
are 0, then the quantity itself isalso 0. That means that we can build the
magnitude of a complex equation and solve resulting equation instead,
for the real and imaginary part. Let's suppose, we have the equation

z° - z =0 and we want to solve for z, which is complex. Using ABS
we find that the absolute value of z° - z is:

RE(Z)" - 2 RE(Z)° +(2:4M(2)" +1) RE(Z)’
- 24M(2)? RE(Z) +IM(2)" +IM(2)?

We can replace in this equation RE(Z) with a variable, say REZ, and
IM(Z) with IMZ and store the resulting equation in EQ. Then we give
initial values to REZ and IMZ. Then we can solve the equation for
REZ. If we find aroot we stop. If we find an extremal value, we keep
thisvalue for REZ and solve the equation for IMZ. If we find aroot we
stop. If we find an extremal value we keep that for IMZ we repeat the
procedure until we find aroot.

In the times of GUIsthe new interface of the numeric solver is perhaps
more popular. But the old style interface has big advantages. For my
gusto, the biggest advantage of the old style solver interface, is that
you can build up a custom solver menu, that doesn't have to contain
only variables but just about anything a menu can contain. Let's see
how we can build such a solver menu.

The general structure of such asolver menu is:
{ equation{ menu list} }.

The sub list { menu list } may contain names of variables of the
equation or programs. It looks like:

{ varnamel varname2 ...
{ "label 1"
{ unshifted action
left-shifted action
right-shifted action

{ further action} ...

The variables "varnamel" "varname2" appear in the old solver menu
(menu 30) as normal solver variables, that is their labels are written
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black in awhite box. They act like normal solver menu variables, that
is unshifted press to store a value, left-shifted press to solve for the
variable and right shifted press to recall the variable on the stack. The
labels of the actions appear written white black background and their
actions are taken from the sub sub sub list

{ unshifted action
left-shifted action
right-shifted action

}

Now, there are also variations of this schema. When an action menu
item has only one unshifted action, then we can enter itssub list as:

{ "labell" unshifted action }

so0 that the menu list of the custom solver menuislike:

{ varnamel varname2 ...
{ "labell" unshifted action }
{ further actions} ...

The different sub lists can be freely intermixed, that means you can
have at the same time menu keys with only one unshifted action and
menu keys with unshifted, left-shifted and right-shifted actions.

Thelist { equation { menu list } } is stored in EQ instead of a single
equation. Then pressing 30 MENU, builds the custom solver menu.

We want to have amenu with the variables of the equation and with an
additional program, that does what has been said above, namely solve

for thereal part, if azero found stop. If an extremal value found, solve
for the imaginary part. If azero found stop. If an extremal value found,
solve for the rea part again. And so on until we have the numeric
solution, or until we exceed a certain number of runs, say 50. When
ready, the program should show us the numeric solution as a complex
number, and the numeric value of the equation with the current values
of the variables. So here we go:

<<

-> eq sol var
<<

EQVARS PURGE @ ean up any vari abl es
| FERR @rom previous runs.
' ORI GVYAR RCL PURGE
THEN
DROP
END

{ EQ EQVARS ORI GVAR
ORI GEQ } PURGE
eq ' ORIGEQ STO

@tore original equation

solvar ' ORIGVAR STO @nd vari abl e
"Fi ndi ng magni tude+" @Jse ABS to find
1 DI SP @ragni tude of ori gi nal
eq ABS @quati on
"Repl aci ng RE(" solvar +
")
with RE" + solvar + "." +
1 DI SP
""RE(" solvar + ")'" +@uild REvar and repl ace

BJ- > @l | occurrences of RE(var)
"'RE" solvar + "'" + @ith it, using the
OBJ-> 2 ->LIST @uilt-in conmand
- MATCH DROP @ MATCH
"Replacing IM" solvar +
with IM + solvar + "." +
1 DISP

""IM" solvar + ")'" +@uild | Mar and repl ace
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aBIJ- > @l | occurrences of I Mvar)
""IM solvar + "'" + @ith it, using the
OBJ-> 2 ->LIST @uilt-in conmand
MATCH DROP @ MATCH
"Fi ndi ng new vari abl es.."
1 D SP
LNAMVE AXL SORT REVLI ST @uild new variabl es |i st
DUP ' EQVARS' STO @tore it in EQVARS
"Bui l di ng sol ver nenu..” @rake custom sol ver nenu
1 D SP
{ { "NCsQ." @.abel
<< @\xction is a program
150
FOR | @o 50 tines
RCEQ HEAD @recal | equation
EQVARS @t first or second
I F @f new vari abl es
I 2. MDD @l ternating.
THEN
1
ELSE
2
END
GET
"Solving for "
OVER + "." + 1 DI SP
DUP RCL ROOT DROP @polve for it.
“Iteration " | + @how iteration nunber
2 DISP
EQVARS 1 @how current val ues
<< DUP S~N "=" + @f new vari abl es
SWAP RCL + >>
DOSUBS

{ 34} DSP

"EQ=" EQVARS EVAL @how current val ue
R->C ' ORIGVAR  @f original equation
RCL STO ORI GEQ - >NUM +

5 DI SP

"Press any key to stop."

6 DI SP
| F @f original equation
RCEQ HEAD - >NUM @ol ved with current
ABS NOT @al ues or we have
| 50 OR @ eached 50 attenpts
THEN @hen increase iteration
"I'' 50 STO+ @ndex | by 50, so that
END @we exit the loop at any
@ase.
| F @f key was pressed,
KEY @hen drop key code
THEN @nd increase iteration
DROP 'I' 50 STO+ @ndex, so that we
END @xit the | oop
NEXT
EQVARS 1

<< RCL >> DOSUBS @tore (real, inmaginary)
OBJ-> DROP R->C @n original variable.
"ORIGVAR RCL STO (@return tagged sol ution
"ORIGVAR RCL DUP @nd tagged nuneric val ue
RCL SWAP S~N ->TAG @f original equation.
ORI GEQ - >NUM " EQ'

->TAG
>> 1 1 + @\dd action to the nenu
2 ->LI ST STEQ 30 MENU @t ore equation, go to
>> @! d nuneric sol ver menu.

>>

Store this program in CONSOL (COmplex Numeric SOLve).

Now, let's try it. Switch to complex mode, enter the equation
Z?+Z =0 andthevariable Z . Press CONSOL. The program runs
and some messages are dancing on the top of the screen. When it ends,
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you are presented a new custom solver menu:
| scsor | mxer- |

The keys =27 | corresponding to F1 and F2, areinput keys.

You enter a number and press the key F1 or F2, to store initial guess
values in the variables REZ or IMZ, which are the real and imaginary
part of the original variable Z. The program makes these variables

automatically. Enter for example 4. and press to store aguess
valueof 4.in IMZ. At the top of the screen you see:

IMZ: 4

to inform you about the current value in IMZ. Store also a guess value
3. in REZ using the menu key [F=Z].

Let's try first to solve the equation using the keys [T#z &=z |. Press
left-shift and then [5==]. The message "Solving for REZ" appears at

the top of the screen, while the numeric solver tries to find a solution.
If you press any key except [ON], then you can watch the whole
process, as the solver determines better approximations for the
solution.

When the best possible solution is found, then the solver writes a
message at the top of the screen, to indicate what the found solution
represents, and the tagged value of the solution on the stack. In our
caseit showsthe message "Extremum" to indicate, that the found value
for REZ, -.500000017497 is not a solution, but a value that minimises
the equation as good as possible, when IMZ is 4. If you press the
menu key IEZEE , then EXPR: 16.25 is returned, which tells you that
the value of the equation with the current values for REZ and IMZ is
16.25.

Now press left-shift and then the menu key , to let the solver
solve for IMZ. After a while you get the message "Extremum” again

and IMZ:3.62807589005E-9 on stack level 1. Pressing EXEa
returns Expr:.249999999999, i.e. we approach a solution.

Y ou see where this goes. We dternate solving for REZ and IMZ until
the solver shows the message "Zero" or "Sign Reversa". "Zero"
means that the equation is 0. with the current solution values. "Sign
reversal" means that the solver didn't find a value that is a root of the
eguation within the precision 12 digits of the HP49G, but found two
adjacent values for which the equation changes sign, and thus are very
near a solution if the equation doesn't have problems like jumps, poles
etc. between these two values.

Now let's find the solution with the menu key |EE=Eg . Store theinitial
guess value 4. in IMZ and 3. in REZ. Press the menu key EE= -
Y ou see the alternating messages "Solving for IMZ..." and "Solving
for REZ..." acouple of times, additional information about the current
valuesin REZ and IMZ and also the value of the original equation for
the current values of REZ and IMZ. After awhile the solution Z:(0.,0.)
and the value of the origina equation EQ:(0.,0.) are returned on the
stack.

Let's try another example. Enter the equation Z - COS(Z) and the
variable Z to solve for. Press CONSOL. When the program is ready,
you see the solver menu. Enter initial guess values -1. for REZ and 2.
for IMZ. Press the menu key |EEE] . After someiterations, the values
for REZ and IMZ don't change anymore. Press any key except [ON] to
stop the solver. After a while you have the current solution

Z:(-2.4869,1.8093) and the value of the original equation
EQ:(.000004310.00000177) on the stack.

You can add your items to the menu, that for example do some
calculations with the current values of the variables, or store them in
other variables to have them later, or for other purposes.

Ending this first part of the complex numbers marathon, | add two
thingsthat are of interest. The first item of the list that is stored in EQ,
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can also bealist of equations. Then you could for example add a menu
item that cycles the current equation and its set of variables.

The label for the menu key can be a string or a GROB (graphics
object) that is exactly 21x8 pixels. So you can customise the look of
your menu keysin amuch more detailed way than string allow.

Enough for now. Next time we will mess around with symbolic
complex objects and learn about the confusing modes combinations of
the HP49G. Hope you enjoyed it,

Complex greetings,
Nick.
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Hi everybody!

Beginning this second part of the Complex Numbers Marathon, | first
must say a big big "thank you" to all people out there, that encourage
me to continue posting their thoughts and comments and the interest
that they show for the marathon. My mail account is now heavier ;-)
Many warm thanks from me and Trabakoulasto al of you.

In the first part of the complex marathons we used programs with the
commands SREPL, HEAD, TAIL, DISP, POS, SUB and aso the
clause IFERR THEN ELSE END. | didn't describe what they do,
because this would make the first part even bigger. But because these
commands are eventually new to some people, they will be described at
the end of this part.

We will continue our marathon with symbolic expressions that contain
no variables and can be directly evaluated to complex numbers using
the commands ->NUM or XNUM. An example for such an expression
would be 1+ 1*i, which istype 9. ( for symbolic expression ), but can
be converted to (1.,1.) (type 1. for complex number) using ->NUM.

Let's find a nice abbreviation for "symbolic expressions that can be
directly evaluated to complex numbers using ->NUM or XNUM".
Let's call them senn, an acronym for Symbolics Evaluable to Normal
Numbers. (In swiss german this means also "shepherd”, which fills
Trabakoulas with joy ;-) So from now on when we talk about a senn,
we actually mean some symbolic expression, like for example 1+ 1* i

2 : .
or s than doesn't contain any variables and can be converted to a
real or complex number using ->NUM or XNUM.

Let's first setup our HP49Gs for the sake of identical results. We
configure complex mode, rectangular coordinates and radians angle
mode. We need an additional setting now. Press [MODE] to go to the
calculator modes screen, and then press the menu key [FLAGS)]. Press
[blue-shift] and then the key [arrow down] to go one page downwards
in the flag catalogue. Now select flag 27 and check it using the menu
key [OCHK]. A small "O' character must be visible to the left of this

flags and the description to the right must be: 'X+Y*i'->'X+Y*i',
Press [ENTER] twice to accept these settings and return to the stack.
Instead of thisyou could also enter -27 SF, which sets system flag -27.
Now, what is that flag good for? Well, when it is set, complex senns
are displayed as X +Y ¥, with X thereal and Y the imaginary part.
Let's try to enter the senn 1+ 1% from the equation writer. Press
[EQW], type 1 and press [red-shift], [SPC], type again 1 and press
[ENTER]. The senn in the stack now takes the form 1+ 1x, thoughin
the equation writer it was (1,1). Let'stry to enter the same senn a bit
different. Go to the equation writer and type 1+ 1x. You get the
imaginary unit i by pressing [blue-shift] and then the key [TOOL].
Press[ENTER]. Asyou can see the two senns are completely identical.

&/3

Now, we enter a more complicated senn, 51 3 +g7 - 1§>1'. Goto
the equation writer and enter 51 - 3. If you now press [red-shift],
[SPC] to put the comma in the senn and separate the real from the
imaginary part, then the EQW looks like 51 - (3, ) This shows that

the HP49G considers only the first term before the comma to be the
real part of the senn. To tell the HP49G what is meant as the real part,
you must select the whole real part. In our example you must press the

key [arrow right] twice. The part 51 3 isthen selected, it is displayed
inverse. Now, you can press [red-shift], [SPC] and the EQW looks

like Zé—zl -3, g, which shows that the HP49G accepted the whole term

as the real part of the senn. Enter now the imaginary part, so that the

J3

senn is complete 8e_1 -3,—-
e2 2

1 &3 6

changesimmediately to = - 3 +¢— - 17%.
2 e?2 [}

13. Now enter this to the stack. It
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"Yes', you will say, "but can we enter senns without having to go to
the equation writer? Can we enter them right form the command line?"
Of course we can. Remember the difference between a senn and a
complex number? The first is an algebraic expression, type 9. The
second is a complex number, type 1. How do you enter algebraic
objects from the command line? Right, you press [red-shift], [EQW]
first, to put a pair of single quotes on the command line, and then you
enter your expression. The same you do for a senn. Press [red-shift],

[EQW] and then type, for example (1/2 -3./3/2- 1) between the
single quotes. If you now press [ENTER], the senn will be displayed

1 &/3

as 5" 3+ 37 - 1§>1' on stack level 1. Alternatively you can press

[red-shift], [EQW] and then type 1/ 2 - 3 +(\/§/2 - 1)* i between the
single quotes.

Now, let's see what happens to senns when we change coordinates

and/or angle mode. Enter 1+ 1> and press CYLIN to change to polar

coordinates. While complex numbers (type 1.) change to reflect mode

changes, the senn remains the same. With 1+ 1% on stack level 1,
w2

press EXPAND and look how the senn is now written, J2 % 4. This

is the polar form of the complex senn 1+ 1. Itsradiusis V2 andits

p

anglez . You remember therelation e” = cos(j ) +ixsin(j ) from the

trigonometry  marathon. Combine it with the relation
(x,y) =r xcos(j ) +i>sin(j )) and you get exactly what the HP49G

did, namely the complex senninits polar form r>e"™ . If you want, you
can press SINCOS to convert the complex exponential to SIN and

&2 20

COS functions. The result is /2 >§— +i x—; If you now press

EXPAND, the HP49G returns the polar form agan. Change
coordinates back to rectangular and press EXPAND again to get what
we started with, 1+ 1%. Let'stry an examplethat isabit more

Complex numbers with the HP49G - Part 2

. 1 0 . ,
complicated. Enter > 3+ ?’—f - 1§>1. Change to polar coordinates

mode and press EXPAND. The returned result is the polar form of the
senn, which is also more complicated, but correct:

(16- 2>a/§) 488 +61x/3 Xeu»éATANé *’55 p
61

2

Change to rectangular coordinates mode and press EXPAND again.
Now the sennisin the form:

Sl 6 0

(8- J§) 488 +61x/3 xe F
61

No back transform has been done from the complex exponential to real
and imaginary parts of the senn. So we have our first thing to be aware
of, when we work with senns. Polar forms may not be transformable
back to rectangular forms by simply changing to rectangular
coordinates and pressing EXPAND. Let's see what happens when we
explicitly tell the HP49G to find the real and imaginary part of the senn.
Press [ENTER] to make a copy of the senn, and then press RE. The
HPA9G returns:

e -
COSCATANGZ
e e

J39. pgx\/488 +61x/3 X(8- V/3)

61

Now we see perhaps a bit clearer what the problem is. The cosine of

8@\/_0
5
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angles, like for example p or %

, the built-in routines return the sines
and cosines (or equivaently the complex exponentials) as simple

o 2 : :
symbolics, like for example -1 or - but for more complicated things

they don't do that. It is up to us to decide what must be done further.
In this case, we remember TEXPAND from the trigonometry marathon
and apply it to the last result. This returns the ugly expression:

& 1 ! + 0
¢ (16- 2>«/§)x\/61><(8 +\/3) +
¢ 305 *
g 2. /3 /488 +61x/3 8- V/3)
5 f
g ° (16- 2>g/§)x\/61>(8+\/§):
e 305 2
61

which we can EXPAND to get 75 , thereal part of the senn that we

started with, —1 3+(§§/—§- 19>1'.The$ameway, wecan use M,
2 e?2 [}

o 2-J3

TEXPAND and EXPAND, to obtain the imaginary part - >

Sometimes we can also follow another way. We can use ->NUM to

turn the polar form to a complex number, and then use XQ to turn it to

a senn again, hoping that the HP49G will find the real and imaginary
&/3

1 .
parts that we started with. Enter again 5" 3+ 9— - 1g>1 switch to

polar coordinates and press EXPAND to get the poI ar form.
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(16-2&/5) 488+61>g/f_3 igATANé REL

xe
61

Q-I-;I o:
Q-I- e

2

Now switch back to rectangular form and press ->NUM and then XQ.
- 5432

Theresultis —5 +i
2 40545

which shows that for the real part we were lucky, but the imaginary
part couldn't be exactly found, so the HP49G returned a ratio that is

equal to the numeric value of - 2-

up to 12 digits of accuracy.

While we are at it, let's see what the differences between the related
commands ->NUM, XNUM, I->R on the one side, and on the other
side ->Q, ->Q+, XQ, R->I.

->NUM will turn any senn to a real or complex number, if the
condition is true, that al operations in the symbolic expression are
convertible to numbers through built-in operations. For example, if the

symbolic expression contains 3/(2.,1.), using ->NUM will error with
"Bad argument type". (See part 1 of this marathon.)

XNUM will do the same as ->NUM, but will also change to
approximate mode. This mode change is carried out, even if the senn
can't be turned to a number, for example because it contains some
"illegal" operation.

[->R will turn any integer to a real number. It turns only integers to

reals. If you useit for, say —, itwill smply return | ® Raé—;ﬂ

->Q converts some given real or complex number to aratio that isequal
to the number in the 12 digit approximation. It also changes mode to
exact. This command returns strictly quotients. For example, if you
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enter 1.41421356237 and use ->Q, the result will not be V2 but
961664

665857

->Qp does what ->Q does, but also can return non-rational results and
it doesn't change mode to exact. If you feed it with 1.41421356237 it

will return /2 . The ability to find such non-rational expressionsis not

unlimited. If you enter for example V2 -3, press ->NUM, and then
use ->Qp, then the result is no more the original expression but
- 3480

10949
XQ givesthe sameresultslike -Qp, but it also changes to exact mode.

The commands ->Q, ->Qp and XQ will also accept other types of
arguments, any try to convert any occurrences of real numbers to
guotients (or non-rational expressions). For example, XQ converts the

expression 1.41421356237*X to v/2 »X..

R->I accepts real numbers without decimal part and converts them to
integers. It will error with "Bad argument type' for any other
argument.

Let's now continue with the possible ways to enter senns in polar
form. Of course, as you can imagine, we can enter a senn as acomplex
exponential. To make an example, the complex senn 1+ 1% can be

entered as /2 >ely£ . But the question is, if we can enter such senns
using the notation (r,J). The answer isyes, but | found this "yes"
quite accidentally while writing this part. You can enter such athing
from the command line. But you must enter it as' (r,EDJ ) "using single
guotes and a commaand the character B to separate radius and angle.
Enter for example '(1®p/3) inthe command line, and press
[ENTER]. The complex senn is immediately converted to

Complex numbers with the HP49G - Part 2

1,c0S 20+ 1SINGED
€39 €39

(realPart,imaginaryPar{) . This automatic conversion is carried out

regardless of coordinates mode. If you EXPAND

1>COS&§ O, 1><SINaqgO % while you are at rectangular coordinates

1+ix/3
2

%, which isthe same senn in the notation

mode, you will get . But if you EXPAND the expression

oy
2

while in polar coordinates mode, you will get . The strange

thing isthat the 2 of the numerator and the 2 of the denominator are not

Y
cancelled out using EXPAND. You must COLLECT thistoget e 2. (!)

If you apply EXPAND on 1>COSaEgo 1xSINaE§0>1 In rectangular
+ix/3
2

coordinates mode, and you get 1 , then you can also switch

1+ |2>a/§ Th

afterwards to polar coordinates and apply EXPAND on

oy
2

resultisagain

The conversion to the polar representation r>e” using EXPAND in
polar coordinates mode, has aso its limits. For example enter the senn

'(2,5)\/5)' . 1t will be converted to 2><COS(\/§) +2>6IN(\/§)>4'. If
you now switch to polar coordinates and press EXPAND, then you get

i
2%e 2 * SIN(2) + 2 >COS(V/2). Only theimaginary unit i has been
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o2
converted to its polar notation e 2. Instead EXPAND in polar
coordinates, you can use the appropriate combination of EXPLN,
TSIMP, LIN and EXP2POW in rectangular coordinates. Switch to

rectangular coordinates and enter (ZD\/E) , which is automatically
converted to 2XCOS(/2) + 2>SIN(\/2 ) x. Press EXPLN to obtain:

LN2) LNQ)
ei’eT N 1 - 1

EXPLN converts trigonometric functions to complex exponentials.

Now pressLIN toget 2xe™ ~ and then EXP2POW to convert thisto

2xe"?  LIN linearises products of exponentials. For example it will

convert e® >’ to e*** . EXP2POW converts expressions of the form
LN(b)

™) top® ande @ to ¥/b, when this doesn't lead to ambiguous

expressions.

As we can see, senns can lead to complicated expressions, so perhaps
we should make a small visit to the editing environments and
commands of the HP49G, because sometimes we would like to edit a
small part of an expression, add or remove something etc. In general
there are two editing environments built-in. The command line and the
"best" editing environment. Thelatter isthe EQW for algebraic objects,
the matrix editor for matrices and vectors and the PICTURE
environment for GROBs. Of course there are lot of programs available,
for editing objects, but we present only built-in capabilities here. (Or
else | would be writing marathons until the end of time ;-))

When we want to edit something in the environment that best fits the
object, we simply press the key [arrow down]. This automatically
invokes the best editing environment and takes the object at stack level
1 to that environment for editing. So, when a senn is on stack level 1

and you press [arrow down], the HP49G starts the equation writer and
puts the senn there for editing. But this action, pressing the key [arrow
down] is a non-programmabl e operation. The programmable command
for this, is the command EDITB. When you put this command in a
program then the HP49G puts the object at stack level 1 to the best
possible editing environment and the program halts. You can edit the
object as long as you wish, add new terms, EXPAND etc. You can
even leave the editing environment temporarily, do something in the
stack or in any other editing environment, and then return. The HP49G
"accumulates’ the pending returns and while the object is still being
edited, the program from which the command EDITB was executed is
still halted. When you press ENTER (or CANCL) the edited object is
put on stack level 1 again, and the program continues.

When you want to edit the contents of a variable in the best suitable
environment, you use the command VISITB. This command takes the
name of a variable from stack level 1, a variable that exists in the
current directory, and puts its contents in the best suitable editing
environment. When the user presses ENTER or CANCL again, the
edited contents are stored in the variable, and the program continues.
An additional difference between EDITB and VISITB, that you must be
aware of, is that EDITB returns the edited object on stack level one
when you press ENTER or CANCL, but VISITB doesn't return
anything to the stack.

Sometimes we want to edit some object in the command line,
regardless if there is some better suitable editing environment. To do
so, we press the keys [left-shift] and then [arrow down]. The object in
stack level 1 isthen taken to the command line, where it can be edited.
This is also a non-programmable operation. The programmable
command for thisaction isEDIT. In programs it behaves like EDITB,
with the difference that the object is taken in the command line. The
analogous command editing contents of variablesin the command line,
isVISIT.

When the program should give the user the opportunity to only view
but not edit an object, then the command SCROLL can be used. Thisis
a"universal viewer" which alows viewing but no editing.
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Let's now return to our main path again. Y ou remember that thereisno
built-in way to enter complex numbers in polar form with units of
angle. We had to use the vectored enter capability to do that. So we
would think that there is also no built-in way to enter senns in polar
form with units of angle. But here we get quite an unexpected

behaviour. From the command line enter '(3,82_r)'. Beawareto

type the comma character ", and the angle character "B ".
Surprisingly  enough, the HP49G  converts this to

3xCOS(2_r)+3>SIN2_r)x(!!) Sowethink that, perhaps typing
the commacharacter "," and the angle character " B " when we want to
enter complex numbersinthenotation *(r,BJ _r) with units of angle,

could work. And it does! So if you don't want to use the vectored enter
facility, you can enter your complex number as a senn in polar form
with units of angle, and then use ->NUM or XNUM afterwards to
make it a complex number. Suppose for example that you would like to

enter the complex number (2.3R2.5_r) but you don't want to use
vectored enter for some reason. You can enter the senn
'(2.3,92.5_r)' instead, which is automatically converted to
2.3XC0OS(2.5_r) +2.3>SIN(2.5_r)» upon pressing [ENTER].
Then you can press ->NUM to convert thisto a complex number that is

displayed according to the current settings for angle unit and
coordinates system.

Thereis till (at least) an alternative (and alittle bit cumbersome) way
which doesn't use vectored enter. And thisis: Make your own shell. It
sounds to be complicated and admittedly it is not very easy, but it is
also not so hard, as you might believe. The HP49G has many
sophisticated commands for input. One of them is INPUT. In its
simplest form, it takes a string from stack level 2 and a string from
stack level 1. The string from stack level 2 is used to display an
informative input message under the separation line between the stack
and the header. The string from stack level 1 is used as the "input
prompt". The arrow cursor blinks at the left of the input prompt
awaiting your input. Enter for example the two strings "Enter
Trabakoulas' and "Sheep:" and press INPUT. (You can find INPUT

and other related commands by pressing the keys [left-shift], [CAT],
[NXT] and the the menu key [IN].) Now the display is:

Informative message

Header (status area)

Enfer Trabakoulas.

Sheep: 4

h

\

Stack

/

Input prompt

Type 123 and press [ENTER]. The input prompt string concatenated
with your input "123" is now on stack level 1. What should happen
with this string, extract data etc., is up to the program that uses the
command INPUT.

If we use this command in aloop, then we can use an empty string as
informative message, and build an input prompt string that represents
the stack (pseudo-stack) and concatenate some character with it, say
">" as the command prompt, to let things look like a command line
from an operating system. The program should parse the input and if it

findsasennintheform '(r,BJ _unit)', wherer and J are magnitude
and angle, it converts it to the syntacticaly correct form
r>COS(J _unit) +r>SIN(J _unit) . (Or any syntactically correct

form, that you want to have.) The program should also include some
civilised form of exiting, say by checking if the user entered "EXIT".
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In this case it should clean up and return the user to the stack. Let's do THEN
such a program. stack DUP SI ZE @mke a list with the
DUPDUP sDepth M N @tack objects to fill
<< - 1 + SWAP SUB @he "l ower" pseudo
DEPTH - >LI ST @mke a list with stack @tack |evels.
@ont ent s. 1
20. " @nter depth of pseudo << @uild a string for
@tack and an enpty command stack SIZE NSUB @ach stack |evel
@tring. -1+ R>I
-> stack sDepth cnd @tore in |ocal + SWAP ->STR +
@ari abl es. "
<< "+
VWH LE >> DOSUBS @o to each object in
cmd "EXIT 1 @hile the command isn't @tack list.
@EXI T" I F
REPEAT DUP SIZE 1 > @f resulting list
stack OBJ-> DROP @xpl ode stack i st @was nore than one
" @nformati ve nessage @l enment s
@enmpty). THEN
sDepth stack SIZE SLI ST @Concat enate strings
I F ELSE
DUP2 > @f pseudo-stack depth is HEAD
@r eat er than nunber of END
@bj ects in stack +
THEN END
1. + "" UNROT @Bui l d up string that B I I T I I
@ ooks |i ke "upper" >" @tring of
@npty stack |evels @xactly 22 "-"
FOR | @haracters in bold
I R> " @tyle and one ">"
+ + -1, @n normal style,
STEP @eparation line
ELSE @etween the pseudo stack
DROP2 "™ @nd the command pronpt.
END @>" will look like the
| F @ nput pronpt.
stack SIZE 0 > @f the stack isn't + cnd +
@npty | NPUT
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POS 30 + OVER
S| ZE SUB
DUPDUP
(" PCS
OVER ")" "
1+

SUB

-> cndstr cnpl x
<<

PGS

@his is exactly the sane
@tring with the sane
@tyl es as above

@ sol ate input,

I F
cmplx "P" POS
THEN
cmdstr cnpl x
,',DUP ,,1 OVER At this place you can
Pp" PCs 1 -
SUB ", " + put your own code for
Cn’p| X parSIng
DUP "P " PCS
OVER SI ZE
SUB +
SREPL DROP
ELSE
cndstr
END
>>
DUP
"cnd' STO @tore in 'cmd'.
| FERR
oBJ- > @f input can't be
@onverted to an object
THEN @mke error nessage
“"Error " @nd display it until
ERRN +": @ key press.

Press key to continue."

Complex numbers with the HP49G - Part 2

" + ERRM +

+ 1 DSPO WAT

CLEAR
ELSE

DEPTH ->LI ST @l se make |ist of stack

'stack' STO

I F
cnd
"EXI T
THEN

STO
END
END

END

stack OBJ->

DROP2

>>
>>

1

' CI’Td'

@tore in 'stack'

@f command isn't "EXIT"
@tore enpty string
@n 'cnmd'

@nd of WH LE REPEAT
@xpl ode stack |i st

@rxop elenent count, 'EXIT

Store this program in SHELL, clear flag -55, to enable last arguments
recovery, clear the stack and run it. It is not necessary to clear the
stack, but we do that, so that the following description of the screen is
the same with what your HP49G displays.

When you start the program, the screen of the HP49G shows:

"IJ— Status area

— RO L e £5

-— Stack

— Command line
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Type for example 41.23 and press ENTER. Now the display is:

= BgoLad L

a41.23

=4

Type 28.93 and then +. Then press ENTER. Y ou see:

= Pg oLl e £

(Rl

=4

Now type '(4B2_r) and pressENTER. The display is now:

5

a

3

2:70.16

14+ C0OS(2_r)+4+SIN(Z_r)+i
>dq

If the stack becomes higher than the 5 displayed objects, you can
simply press the key [arrow up] to view the other objects that are off
screen. But remember to always return to the command line, before
inputting anything, because otherwise the input will not be recognised.
Press now [right shift] and then [backspace]. The command CLEAR is
put on the command line. Press ENTER and the stack will be cleared.
Let's try something that will produce an error. Press + and then
ENTER. You see:

crror # 2010
oo few arguments
Hress Key to continue

—= g L3 Jfa

=+ 4

Press any key, edit the command lineto 2 3 + and then press ENTER.
Now theresult 5ison stack level 1. Type EXIT and the program quits,
leaving the stack contents on the "real" stack.

Of course the command line parsing isonly rudimentary and it will fail
in many cases. But you can add your perfect parser code at the place
indicated in the program listing so that you have your own personalised
shell. Asyou can see the possibilities are endless.

In the above program we used the command INPUT with its simplest
arguments, two strings. But this command allows more control of the
command line. It can take a string at stack level 2 and a list at stack
level 1, which specifies the content and the interpretation of the
command line. The list can contain one or more of the following
objectsin any order:

1) The string that will be used as input prompt.
2) A real number or a list of two real numbers which specify
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exactly wherein the prompt string the blinking cursor should appear.

a) When areal number is used, then it specifies that the cursor
should appear at the nth character of the prompt string, starting
at the left of the first line of the prompt string. When the real
number is positive, then the insert cursor is specified. When it

[he o announciator 15 on, o ndicate
that alpha helb[:;j'u 15 activaten.

is negative, then the replace cursor is specified. The 0. specifies
the end of the prompt string (default).

b) When alist of two real numbersis used, then the first number
specifies the row of the prompt string where the cursor should
appear. A positive row number specifies insert cursor, a
negative specifies replace cursor. The second real number
specifies that the cursor should appear at the nth character of the
specified row.

meplace cursor at

first row and fourth

(L

character.
\ cnter a.b.c

£
al

3) The parameter ALG without any quotes. When present, then b
algebraic entry mode is activated. o
4) The parameter a without any quotes. When present the al pha- r

keyboard will be activated.

5) The parameter V without any quotes. When present, then the
contents of the command line, that is the prompt string and the
input data, will be automatically verified when you press
ENTER. When this string composes one or more valid objects,
then the prompt string concatenated with the input data is put
on the stack. When some invalid object is contained in this
string, then "Invalid Syntax" is displayed and you are
prompted again for data.

N\

. " Informative message
Hrompt sinng d

[he o announciator 1s on, 10 indicate
that alpha helbt:sﬂ'u 15 activatend.

51
Let's make an example. Enter "Input a,b,c". Then enter the list:

{ ":a---:b:---:c:---"{-1.4} a V} and pressENTER. ("¢" isthe
displayed character for new line when a string isin a list.) Now
press INPUT. The HP49G display looks like the picture at the top
of the right column.

Now
press

cnter a.b.o

Hrompt string

with data Hiéii 123
If you start typing, then the input data replaces the "-" characters. D:ABC
Use the arrow keysto move the cursor to the appropriate positions oAtz i
and enter the data: 123 for a, ABC for b, A*2 for c. Note that you /1'
don't have to lock alpha keyboard, since thisis automatically done _
because theinput list contained the parameter a . The pictureto the neplace cursor at
right shows what the display looks like. the end of the

prompt siring

Informative message
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[ENTER].
HP49G responds:

The .
—rrar F‘IHEEHQE

Press [F6] for "OK" f

(or [ENTER] if you [z —

want). The eror [FNEME.0.C l
Invalid

Syntax

message disappears,
and the input screen
appears again, but this
time the syntactically
invalid  input is
highlighted, to help
you see where the
error occurred. Use
the arrow keys to put
the cursor a the
character "A" on the
third line any type
'‘A*2'. Press[ENTER]. The string is put on stack level 1.

o
nABC

:c:?

Here the parser run into roubles,
since the algebraic A" without single
quotes 1s not a valid object

"al23
‘b:ABC
CIA*2™

Y ou can use now this string as you like to extract the contained data.
You can understand better what the parser considers to be a valid
object, if you ask yourself the question: "Would the HP49G error if |
would enter this data from the command line?' For example, think
what would happen, if you would enter A*2 from the command line.
(Try it out.)

If you want to enter syntactically invalid objects which the program
changes to syntactically correct objects, then you shouldn't use the
parameter V in the list for the command INPUT. Thisis exactly what
the program SHELL does. It doesn't use the built-in verifying
procedure, but it parses and corrects itself.

Now it istime to look at the mysterious flag -27. Many of you have

already played with this and eventually wondered why some senns are
displayed as (X,Y) and some other in the form X +ixY when this flag

is clear. To display such senns in the form (X,Y), the HP49G must
first recognise them. It turns out that it can only recognise senns that

are exactly intheform X +i%Y . The dlightest deviation from thisform
already causes displaying them just as they were input.

Let's do some examples. First clear the flag -27 and set rectangular
coordinates and radians angle mode. Go to the EQW and enter the senn
3 +2x. Now press[ENTER]. The sennis put on the stack and is
displayed as (3,2). You canimmediately see that thisis asenn (type
9.) and not a complex number (type 2.) because the real and imaginary
parts don't have the decimal point. Now, go again to the EQW and
enter 3 +2x. The only change is that we changed the positions of i and
2 in the imaginary part. Press [ENTER]. As you can see, this little

change was enough for displaying the senn as 3 +2x and not (3,2).
Furthermore, enter the simple senn 1+i. Even thisis not displayed as
(1,1) becauseitisnot in the form X +i%Y . You have to enter it as

1+ 14, if you want the HP49G to display it as (11). And the senn

1- 3% must be entered as 1+ (- 3)xi in order to be displayed as

(1,- 3). Alternatively you can go to the EQW and press [1] [right shift]
[SPC] [3] [+/-] [ENTER].

| aready hear the voices. "Yes, but | want all complex senns to be
displayed as (X,Y). Why can't the HP49G do that?' Well, it can't do
that automatically for any possible syntax of a senn. (Remember,
parsing can be a complex story ;-) ). But we can write another
programmli for this. We only need to find the real and the imaginary
part of acomplex senn, multiply the imaginary part with and add the
two parts. Look at the following program (on the next page):
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<<
DUP RE EXPAND
SWAP | M EXPAND i * +

{ '&A-&B*i' ' (&A -&B)' } - MATCH DROP

{ "&A+i' '(&A 1)' } - MATCH DROP
>>
Store this program in ->CPAIR. Why do we need the first MATCH?
Well, when we have a senn like for example (16 - 23 ) >(25+i>«/§),

the first EXPAND convertsitto 400 - 5755 +(23,16) /3 . Thenthe
command sequence RE EXPAND returns 400 + 23%/3 and the
command sequence IM EXPAND returns - (575 - 16 >«/§)

Multiplying the last result with i returns - ((575 - 16/3) %) and the

following addition returns 400 + 23>a/§ - ((575 -16 >«/§)><i), which

is not in the form X +Y xi and so cannot be displayed as (X,Y). The
- MATCH does good because it brings this complex senn in the form
400 + 23%/3 +- (575 - 16 >a/§) ¥ whichisof theform X +Y X and

so can be displayed as (400+23><J§,-(575- 16&/5)).Wealso

have a second - MATCH, to turn senns with an imaginary part of 1 to
the appropriate form. For example, if we had a senn like 3 +1i, then
finding itsimaginary part with IM would return a 1. Multiplication with
i returns i and not 1% because of auto-simplification. Addition of the

real and the imaginary part results in 3 +i whichisnot intheform

X +Y X. Thesecond - MATCH convertsthesennto 3 +1x, whichis
then displayed as (3,1) . Now, let's try some examples. Enter 1+i and

press ->CPAIR. The result is (1,1). Enter 1- i and press->CPAIR

again. Theresultis (1 - 1). Let's go for amore complicated senn. Enter

1+ .
1—: and press ->CPAIR. You get i asresult. (The same could be also

obtained with EXPAND.) Now, you may think that the program
should return (0,1) in this case. But there is one reason not to do so.
The resulting senn is one that is purely imaginary. It has no real part.
So it appears more reasonable (to me) to haveit in thisform, exactly as

we would want the number 3 to be displayed as 3 and not as (3,0).

Enter the senn (16 - 23) 25 +i%/3). Press EXPAND. The result
400- 5755 +(23,16) /3 isnot what we want. Press COLLECT.

The result ( (25 >1')+\/§)><(23,16) is also not what we want. But if
you press ->CPAIR, you get the complex senn displayed as

(400-+ 2343, - (575- 16%/3)) , that isin the form (X, Y).

An even more complicated example. Enter:

2 3
-
-1 i-2
3-J6
EXPAND retumns - 3324)° (;35' A6 o LECT retums
- (/2 + V3){118) x/3) _
S . Press ->CPAIR. Now the result is
B 2. )
G- 33- 8x/2 /3 - 24+11%9, acomplex in the form (X,Y).
e 75 75 [7]

Another example. Enter Z%&/S- J9 +§ >1'><«/§2><(4- is). Pressing
(180,45) %/2 - (2- 8%)%/3

9

EXPAND returns . COLLECT returns
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(45+i>x/?5)><(4+i)>x/§

3 . But pressing ->CPAIR returns what we

&80 /2 - 2x/3 45x/2 +8x/30
e 9 ! 9 o

want:

Of course, you don't need to EXPAND or COLLECT firgt, if you
want to use ->CPAIR. This was done in the examples for
demonstration purposes only.

Now that we have a program that converts complex senns to a form
that can be displayed as (X,Y) when flag -27 is clear, perhaps we
could also write a program, that can factor a complex senn and convert
each factor to a form that can be displayed as (X,Y). Theideais
mainly to factor the senn and then use ->CPAIR for each factor. That
means, we want to obtain all factors of the senn, say in alist, and then
use DOSUBS, to apply the program ->CPAIR to each factor. The
command FACTORS seems suitable here, because it returns a list of
factors and multiplicities. We must of course watch out, because the
list contains not only the factors but also the multiplicities. The
command NSUB is agood help, because it returns the order number of
the list element being processed. We know that FACTORS returns a
list with the factors occupying the odd positions, while multiplicities
occupy the even positions. So we must check if NSUB returns an odd
number. If so, we apply ->CPAIR. If not then we raise the factor to
the power given by the processed list element.

<<

FACTCRS 1
<<

IF NSUB 2 MOD

@ist of factors, nultiplicities
@f processed elenment in odd

@l ace
@hen apply ->CPAIR

@l se raise to power

THEN - >CPAI R
ELSE ->Q ~
END

>>

DOSUBS

Complex numbers with the HP49G - Part 2

I F

DUP SIZE 1 == @f list has only one el enent
THEN

HEAD @hen get this el enent
ELSE

PLI ST @l se product of elenents
END

>>

Store this program in CPFACT. Note that we use ->Qp to turn the
multiplicity from a real number to an integer. If we don't use it then
raising a factor to a power that is a real humber, would return a
number, which is not what we want. (We would turn the senn to a
complex number this way.) Note also that parallel list processing
allowsalsoto usealist element in combination with previous el ements.
That iswhy raising the factor (previous element) to the power (current
element) works. We can imaginethat DOSUBS "sees' thelist elements
in akind of virtua stack, the first element in the list occupying the
highest level, the last occupying stack level 1. The command then just
"combs' this virtual stack, allowing us to keep track of virtual stack
level with the command NSUB. The picture on the next side may help
to understand this better.

Let's try some examples. Enter 1- i and press CPFACT. Theresult is
i
(9 (1,1) . Enter H and press CPFACT. Theresult isi. Now amore

complicated one. Enter (16 - 23 %) >{25 +i x\/é) and press CPFACT.
The result (23,16) >(\/§ 25) has also each factor displayed as (X,Y).

Enter Z%XJS- J9 +?2) >1'><\/§g><(4- i°) and press CPFACT to obtain

the result é><(4 &/E\/E) >(45,\/6) .
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{ elem elem?2 elem3 elemd elemb elemi )

| evel B QJ

Element already processed (previous)

Element being processead (current)

DOSUBS—

— L EvEl £

¥
lssuing the commanda * in the program
used by DOSUBS, when elemeant on
stack level 5 (second element in list) is
peing processed, will use the current
and the previous element (stack level
&, first element in list). The equivalent
argumeants on manual execution of
would be:

g L eve| 1 -k

2 glem
= 1. Blem

So * returns elem ™
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It might not be obvious, but something is strange here. The program understand this, enter 23 +16 % and then press FACTOR. Theresult is

returned (23,16) and (\/§ - 25) asfactors of (16 - 23 ) >(25 +i &/5) i*(2-)*(11- 6*i), which showsthat 23 +16 is further
But these are not the simplest factors that the HP49G can find for the factorable. Enter (16 - 23 %)

used senn. (We'll see what simple meansin this case

later.) To

>(25 +i >«/§) and press FACTOR again.
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This returns (16 - 235) % 25% +/3). Though FACTOR can factor

23 +16> aone, it doesn't factor it when it is part of abigger
expression! The reason for this not very understandable behaviour is
not known to me, but let's hope that some of the gurus out there will
have mercy and tell us what is going on. Anyway, that doesn't mean
that we accept thisto be not avoidablein our program. If the factors are
further factorable, then we factor the factors and see what happens.
Thisis agood opportunity to use nested DOSUBS in our program. So
let's make CPFACT better.

<<

FACTORS 1 @ind factors
<< @ut er DOSUBS procedure starts
| F
NSUB 2 MOD @f we have a factor
THEN
FACTORS 1 @actor the factor
<< @ nner DOSUBS procedure starts
| F @f we have a power
NSUB 2 MOD
NOT
THEN
XQ @mke it exact
A @rai se factor of factor to
@ he power
->CPAI R
END
>> @ nner DOSUBS procedure ends
DOSUBS
I F
DUP SI ZE @f list of factors of factor
1 == @as only one el emrent
THEN
HEAD @zt that el enent
ELSE
PLI ST @ se nmake product
END

Complex numbers with the HP49G - Part 2

END
I F
NSUB 2 MOD NOT@f we have a power
THEN
XQ @meke it exact
END
>> @ut er DOSUBS procedure ends
DOSUBS
I F
DUP Sl ZE @f list of factors
1 == @was only one el ement
THEN
HEAD @zet that el ement
ELSE
PLI ST @&l se nmake product
END

>>

Store this in CPFACT and try the previous examples again. For
example if you clear flag -27, factoring (16 - 23 %) >(25 +i >a/§) with

this version of CPFACT returns i2,-1) ¥11,6) >(\/§ - 25). Now the

guestion is, will it be enough to find eventual factors of each factor of
the complex senn? What if finding the factors of the factors of the senn,
brings the same problems like finding the factors of the senn? Well,
then we have to write CPFACT either with aloop, inside of which we
factor the factors, then factor the factors of the factors of the factors,
and so on, until nothing changes. Or we write the program so that it
recursively callsitself, until no further factorisation can be achieved. Or
we consider some of the properties of complex numbers and use our
knowledge before we go further. Set flag -27 and let's go.

Many of you have undoubtfully already noticed, that we started
factoring, without first asking what "factorisation” means for complex
numbers. We know that some integers have no other divisors than
themselves and 1, and such integers are called prime. Integers that do
have other divisors than themselves and 1, are not prime. The
nonprime integers can be written as products of prime integers. They
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are factored in one and only one way. There are no integers that have
the property of ambiguous factorisation in prime integers. In other
words, there is only one product of prime integers that evaluated
resultsin agiven integer. Can these concepts be transferred to complex
numbers? What is an integer when we regard complex numbers? What
isa"prime complex number"? | s factorisation of "nonprime" complex
numbers a so unambiguous?

Let's start by giving the definition of complex integers, Gaussian
integers’ asthey are called in mathematic language.

A complex number atb*i is a Gaussian
integer when a and b areintegers.

Examplesfor such Gaussian integersare: 1+3 %, 2- i and soon. The
norm of a Gaussian integer is defined by:

norm{a +b*i) = a® +b?

Now, there are Gaussian integers which are prime, we call them
Gaussian primes. It may sound unfamiliar, but many things in the
complex plain are quite a surprise, as we will see. Let's first give the
definition of Gaussian primes.

Gaussian primes are Gaussian integers z=a+b*i

having one of the following properties.

1. If both a and b are nonzero then, z is a

Gaussian prime iff a2+b2 is an ordinary
prime.

2. If a=0, then b*i is a Gaussian prime iff |b|
isan ordinary prime and b=3(mod4).

3. If b=0, then a is a Gaussian prime iff |a| is
an ordinary prime and a=3(mod4).

% Honouring Gauss who has done much in the field of complex numbers. The question
regarding Gaussis, in which field known in his times he didn't do much.
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Theword "iff" is used here as an abbreviation for "if and only if".

Gaussian integers can be uniquely factored in terms of Gaussian primes
up to powers of i and rearrangements.

Let's find some examples for Gaussian primes. The Gaussian integer
- 5+2x isaGaussian prime because (- 5)° + 2% = 29 and 29 isan
ordinary prime. The Gaussian integer 3 +4 X isnot a Gaussian prime
because 3% + 4° = 25 and 25 is not an ordinary prime. Until now the
astonishment is kept in medium ranges, but consider the following
example. The ordinary prime 11 isaGaussian integer of the form
z=a+ix,with b =0.ItisasoaGaussian prime because 11 isan
ordinary prime and 11=3 (mod 4), which meansthat11- 3 is
divisible by 4. But the ordinary prime 13 is not a Gaussian prime,
because 13 - 3 isnot divisible by 4. This means that our old known

prime number 13, isno more aprimein the complex word! Itis
factorablein terms of Gaussian integers!

This quite unexpected fact brings many mathematical and HP49Gical
guestions. One of the HP49Gica questions is. Has the HP49G any
built-in function to factor ordinary primes that are not Gaussian
integers? Hal Of course it has. Enter 13, press [left shift], [1] and then
the menu key [INTEG]. Press [NXT] to go to the next page of the
menu. Now you should see PA2B2 over the key [F5]. Press [F5] and
you get the result 3 +2x. Thisresult means13 = (2 +3x)X2- 3%),
or in other words that the ordinary prime number 13 can be factored
with the Gaussian prime 3 +2 X and its complex conjugate Gaussian
prime 3 - 2X. To verify this: Press[ENTER] to make a copy and use
CONJto get 3+ 2 on stack level 1. Press[*] and [EXPAND]. You
get 13! The command PA2B2 will error with"Z isnot =1 mod 4" if
you give it an ordinary prime that is also a Gaussian prime. Enter 11
and press PA2B2 to see that. This also gives us the information, that
the "other" ordinary primes n which are not Gaussian primes, all have
the common property n=1 (mod 4), that means that the difference

n- lisdivisibleby 4. If you give PA2B2 an odd integer which is not
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even an ordinary prime, like for example 21, thenit errorswith"Z is

not prime". But for even integers which are not even ordinary primes,
it errors again with "Z isnot = 1 mod 4". This can be considered as a
minor bug, because the problem in this case is that we don't even have
an ordinary prime, but it is"not avery buggy bug".

If you have time enough (about one hour), let's make a plot of
Gaussian primes on the complex plane. We want the HP49G to check
al Gaussianintegers a+b *i with a from -65to 65 and b from -31 to
32.

<<

{ (-65.,-31) @I CT | ower left corner
(65.,32.) @l CT upper right corner
X 0. (0.,0.) @ndep var, resolution, plot origin

FUNCTION Y } @l ot type, depend. var.

' PPAR STO @tore plot paranmeter. For our program
@nly the lower left corner, the upper
@ight corner and the plot origin are
@ nportant.
ERASE @r ase any previ ous draw ngs.
{ #0 #0 } @i splay PICT starting at Pixel
PVI EW @oordinates { #0 #0 } (upper left)
-65 65
FOR | @X- coordi nate | oop
-31 32
FOR J @- coordi nate | oop
I F
| == @riterium?2 for
J ABS | SPRI ME? AND @zaussian primality
J 3 - 4 MOD NOT AND
J 0 == @riterium3 for
| ABS | SPRIME? AND @aussian primality
I 3 - 4 MOD NOT AND
oR
I SQJ SQ + @riterium11 for
| SPRI ME? @zaussian primality
oR

Complex numbers with the HP49G - Part 2

THEN
I J R>C @ui ld complex (1,J)
Pl XON @urn on the pixel at (I,J)
END
NEXT
NEXT
7 FREEZE @et the display persist after
>> @r ogram conmes to an end.
Store the program \.-a- - S -n-",.
'GAUSSPLOT' and run (It ‘“‘.?'-x _;I"‘-:-""'-ﬂ- "'--- i
takes about one hour to run) The p ""'-:_-;,.-i' £ areae e BN -.__'- ": A
HP49G displays an empty screen, ...{, "ﬁ"' LLE !':::'1
and gradually plots each Gaussian #%.. e
integer it finds. By the time a nice %+ -..:_";_i.-.-_: P
pattern build-up, which in the ":t}:..u..-' LAY
middle of the plot looks like: Y _."r':- ; .‘1".':-1

-I"--' -

a}is
The first few ordinary primes, .r i'- "5" “"i--"':_-:,_ "-.""r
which are also Gaussian primes ' .;. 'ﬂ':-. "v"'r-.'“' You .-:'i" N
are 3, 7,11, 19, 23, 31, 43, ... - S
To speed up the plot you can of course use a smaller region to plot, by
restricting the loops of the X- any Y -coordinates to smaller values, say
| and J from -20 to 20.

The same plot could be made with the built-in plot type TRUTH, | as
the independent variable, J as the dependent variable and the program:
<<

- 4 MOD NOT AND

- 4 MOD NOT AND
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| SPRI ME?
R
>>

stored in 'EQ'. But we must be careful then. The plot ranges and the
resolution must be such, that the HP49G calculates integer values as
X- and Y-coordinates, "integer values' meaning reals without any
fractional parts. When you for example have a plot range for the X-
coordinate going from -10 to 10, and aresolution of 1., then the values
-10,-9,...,9,10 will be used as X-coordinates. But when the X-range
is, say from -10 to 10, and the resolution is 2.5, then the values-10,-
7.5,...,7.5,10 will be used as X-coordinates. As you can see there are
values which will are not appropriate for example for checking if they
are prime.

Now that we know what complex factorisation in terms of Gaussian
primes means, let's examine some examples. Enter 9 - 8x and press

FACTOR. The result is 2+)A5+2%)

.2+iand5+2xX are

[

Gaussian primes. Enter -4 - 8x and press FACTOR to obtain the
- 1+ \4 2 i

expression (')I—:(I)

145 + 58> and press FACTOR. Boom! The HP49G errors with "Bad
Argument Value'!!. Try to FACTOR 10 - 5%. The same error again.
The same mysterious behaviour for 39 +26 %, 68 - 17%. What isso
different for these Gaussian integers? What makes them special, so
specia that the HP49G not only can't factor them, but it also errors
out, when we tell it to factor them? Well, let's look at the example
10 - 5*i. You canimmediately seethat it isdivisible by 5, which
means 10 - 5% =5xX2 - i). Now remember that 5 isn't a Gaussian
prime. If you enter 5 and press PA2B2, you get 2 +i, which shows
that 5 can be factored by means of Gaussian primesto (2 +i) %2 - ).

That aso means that 10-5x=(2+1)%2-i)%2- 1) or
10- 5% = (2+i)¥2- i)*. Here you can see the general rule for this
behaviour. When FACTOR errors out trying to factor a Gaussian

. And now another unexpected thing: Enter

integer, then the factorisation contains a Gaussian prime factor of an
ordinary prime raised to some power and additionally the complex
conjugate of the Gaussian prime factor of the ordinary prime. The
following picture may turn this more understandable;

FACTORING X + Y +i errors when

KFT:i_rlll::{ri:'!lf.:l
la+b=ij+ia-b*jl |(a+b=ij+. . other Gaussianprimes
or
(a-b*ij+. . other Gaussianprimes

And how does FACTORS behave in such cases? Well, let's try. Enter
10 - 5% and press FACTORS to get the list

{i -.3 2+i 1.5 2-i 1.5}.Weareready to scream
"Hurrahhh!", but unfortunately this result is wrong. The broken
exponents make us suspicious. We cant go on for ever with
suspicious minds, so we should prove this. Press XQ to turn the

decima exponents to ratios. The Ilist now turns to
. -3 .3 .30
h — 2+ = 2-i —U.Enteralandthmtheprogram:
110 2 2b
<<

| F

NSUB 2 MOD NOT
THEN
END

>>

Then press DOSUBS to raise each factor to its corresponding power.
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Theresulting listis:

}9,,(.3) H1- 2>i+i><\/§)><\/4+2x‘l§63 H1- 2%- ixJ_5)><./4+2>g/_553P
ill (%‘ : G +y

2 2

{ e ;J e ﬂ'b
Press PLIST to convert this to a product and then EXPAND to get
%. 5I:fg.Takethisto
i A
e o
the EQW, select the denominator and press LIN. Press ENTER. Now
5x/5

L
eZO

Press TSIMP to convert this complex to

you have

on stack level one, which showsthat you have a

3p
20 °
Isthiscorrect? Enter 10 - 5> again, press ENTER to make a copy and
press ABS to find the magnitude. The HP49G returns 5 /5. OK, the
magnitude is correct. SWAP and press ARG. The result is

complex number with absolute value 5 /5 and phase (angle) -

1..
ATANZ—%Z. Oops! If you press->NUM, you get the number -

3>p

A463647..., but - >0 ->NUM returns -.471238..., quite near but not

equal to the correct angle ATANZe?lg! EXPAND the product

aE(1- 2>4+i>x/§)>a/4+2>s/§53 afl- 25 - i&/§)><\/4+2>a/§ 6
G + XG +
&

? g € 2 7]

(the last two factors returned by the command FACTORS for the

Gaussian integer 10 - 5%), theresultis 5 /5 . That means that the
product of these factors returns the correct magnitude of 10 - 5. The

Complex numbers with the HP49G - Part 2

remaining factor 1\9'_i(_ ? must thus be the part that determines the angle
of 10- 5%, whichisdirectly found (using ARG) to be equal to
3ip

ATANZe?lg. If you enter 1\7}(-3) and press TSIMP LIN you get e

which clearly shows that the first factor in the list is the reason for
the wrong angle of the factored number. The factorisation of such
problematical Gaussian integerserrors out when you use FACTOR or
returns factors that form the original Gaussian integer but out of
phase when you use FACTORS. We again find something that should
have been said right from the start in the description of these
commands. It is at the boundaries of irresponsibility to omit such
critical partsin the documentation, because especially the behaviour of
FACTORS, which silently gives the wrong answer, can lead to
catastrophic results. | wouldn't like to be an engineer that calcul ates the
wrong answers with his HP49G in his pocket, only because the ladies
and gentlemen at HP think that everybody must be also a CAS expert,
when (s)he wants to use their products.

Enough yelling! Now that we now the problem, lets make a program
that gives the right answers. The ideais to check first if the command
FACTOR errors. If so, we know that the Gaussian integer is divisible
by an ordinary primethat is not a Gaussian prime at the sametime. We
search to find this ordinary prime and we divide the given Gaussian
integer by it. The we try to FACTOR the result of the division. Again,
if FACTOR errors, we know that there must be another ordinary but
not Gaussian prime in the factors of the given Gaussian integer. We
repeat the procedure until FACTOR doesn't error, in which case we
use FACTORS to find all factors and multiplicities. For such caseslike

(23+1654) - (25) +/3), we know that 23 +16 ¥ wouldn't be

factored, though it can be factored to i 2 - i) {11- 6x). We thus wrap

the whole in a loop and apply repeatedly to each found factor, until
nothing changes. We are going to split it in several programs. Enter
first the following program:
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<<

RCLF 1 {} ->z flags n f
<<
-55 CF
VHI LE
"Factoring” 1 DI SP
| FERR
z FACTOR @oes FACTOR error
THEN
DROP @rop z, return 1. to keep on
1. @earching prine divisors
ELSE
FACTORS XQ @ind list of factors and
1 @ultiplicities
<< @onvert themto |ist
I F @f factors
NSUB 2 MOD
NOT
THEN
N
END
>> DOSUBS
"f' STO+ 0.
END
REPEAT
DO @ut er DO Loop
DO @ nner DO Loop
n NEXTPRI ME @i nd next prine,
‘n'" STO
"Sear chi ng n:
n + 1 D SP
UNTI L
nl-
NOT
END
I F
"Check " n +
2 DI SP

@nabl e | ast argunents recovery

out ?

@ut found factors in list f,
@eturn 0. to stop search.

store in n

@how current n

@ntil we have a prine that

4 MOD @s no Gaussian prine

@ nner DO Loop ends

@how current checked prine

Complex numbers with the HP49G - Part 2

z n ID V2 @nteger division z/n
->NUM 0. == @f z divisible by n
THEN

"Positive"

3 DISP

'z' STO @tore result of divisionin z

n PA2B2 @actor nin terns of

DUP CONJ @zaussi an prinmes

2 ->LIST

"f' STO+ @ut in factors list f

‘n" 1 STO @ubtract 1 fromn.
@ do that because perhaps z
@s again divisible by n. This
@way the next NEXTPRIMVE wil |

@eturn the sane n again, and so

@we check again divisibility.

1. @o exit the inner DO Loop
ELSE
DROP @rop the result of division
"Negati ve"
3 DISP
0. @o remain in the i nner DO Loop
END
UNTI L
END @t er DO Loop ends
END @i | e- Loop ends.
f @Return factor |ist
flags STOF @tore flags

>>
>>

Store thisin GF. The program takes a senn from the stack and returns a
list with its factors. Now we need another program that runs GF in a
loop until the list of factors doesn't change.

<<
1 ->LIST
DO

@Vap senn in |ist
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DUP
<< GF >> MAP
1 << OBJ-> DROP >>

@\pply G- to each el enent
@xpl ode each sub list so that

DOSUBS @he factors list remains flat
UNTI L

DUP2 SAME @ntil nothing changes

ROT DRCP
END
I F

DUP SIZE 1. == @f only one elenment in |ist
THEN

HEAD @hen take it
ELSE

PLI ST @&l se product of elenents
END

>>

Store this program in GFACTOR. Enter now (16 - 23 %) >(25 +i >a/§)
and press GFACTOR. The result i2- i) {11- 6x)x(25 +ix/3)

shows that it worked. Enter (1575+1350%) %2 - (60- 70 ’1)>"~/§

9
and press GFACT. After some seconds you get the result:

S 2 +){4+) 326 %/3 {1 %/2 + 1543).

Now let's think again about the reason of this discovery journey. We
started with a program ->CPAIR that converts any given senn to the
form a+ b %, because we wanted any senn to be displayed as (a,b)

when flag -27 is clear. Then we wanted to display aso each factor of a
factored senn the same way, so we started programming CPFACT.
Then we discovered some strange behaviour of the command
FACTOR, when it factors for example (23,16) aone or asapart of a
product of senns. Then we wandered for the first time what factoring
actually means for complex numbers, and so we found a new world
full of unexpected things, waiting to be discovered. Now we return

from this journey, with knowledge that can be used for a new
CPFACT, that behaves better that the old. (The old would give wrong
answers for, say 10 - 5%, which is even worse than to error out.) We
can use mainly the same method as in GF but in addition we use the
algorithm used in ->CPAIR for each factor, to convert it to the form

a+b >, which can be displayed as (a,b) , when flag -27 is clear. Store
the program:

<<
DUP RE SWAP I Mi * +

{ "&A-&B*i' '(&A -&B)' } - MATCH DROP

{ "&A+i' '(&A 1)' } - MATCH DROP
>>

in ->CP. Then enter the following program:

<<

RCLF 1 {} ->z flags n f
<<

-55 CF @nabl e | ast argunents recovery
VWHI LE
"Factoring" 1 DI SP
| FERR
z FACTOR @oes FACTOR error out?
THEN
DROP @rop z, return 1. to keep on
1. @earching prine divisors
ELSE
FACTORS XQ @ind list of factors and
1 @ultiplicities
<< @onvert themto |ist
I F @f factors
NSUB 2 MOD
NOT
THEN
N
ELSE
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->CP @onvert to atb*i ELSE
END DROP @xop the result of division
>> DOSUBS "Negat i ve"
"f' STO+ 0. @ut found factors in list f, 3 DI spP
END @eturn 0. to stop search. 0. @o remain in the inner DO Loop
REPEAT END
DO @ut er DO Loop UNTI L
DO @ nner DO Loop END @ut er DO Loop ends
n NEXTPRI ME @ind next prine, store in n END @i | e- Loop ends.
‘n'" STO f @Return factor |ist
"Searching n: " @how current n flags STOF @tore flags
n + 1 DI SP >>
UNTI L @ntil we have a prinme that >>
nl- 4MD @s no Gaussian prine
NOT Store the program in GFCP. It is essentialy the same as GFACTOR
END @nner DO Loop ends with the addition of ->CP to convert each factor to the form x+y*i
I F
"Check " n + @how current checked prime Now, storethe following program in CPGFACT:
2 DISP
z n ID V2 @nteger division z/n <<
->NUM 0. == @f z divisible by n 1 ->LIST @Vap senn in |ist
THEN DO
"Positive" DUP
3 DI SP << GFCP >> MAP @\pply G- to each el enent
'z' STO @tore result of divisionin z 1 << OBJ-> DROP >> @xpl ode each sub list so that
n PA2B2 @actor nin terns of DOSUBS @he factors list remains flat
DUP CONJ @zaussi an prinmes UNTI L
2 ->LIST DUP2 SAME @ntil nothing changes
<< ->CP >> ROT DROP
MAP @onvert to atb*i END
"f' STO+ @ut in factors list f I F
'n" 1 STO @ubtract 1 fromn. DUP SIZE 1. == @f only one elenment in |ist
@ do that because perhaps z THEN
@s again divisible by n. This HEAD @hen take it
@way the next NEXTPRI ME wil | ELSE
@eturn the sane n again, and so PLI ST @&l se product of elenents
@we check again divisibility. END
1. @o exit the inner DO Loop >>
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Let's try it. Clear flag -27. Enter 10 - 5x and run the program. The
result is (2,-1) 2,0 X2,- 1) . (Now, if you like, you could think of

additional code that returns this as (2,-1)* ¥2,1).) Try also to factor

(16 - 235) {25 +i/3) with CPGFACT. The result should be

iX2,-1)116) {/3,-25).

when | said to him that he would get the angle -

clockwiseto the angle -

be really difficult to walk, he was very angry that the HP49G didn't
give the answer in the interval from -p to p. And he got even angrier

3p

Because the paths on the mountains can

3p

if he had enter

Let us now listen to what Trabakoulas has to say, because
yesterday he complained, that he found the coordinates of a
cow that was lying on the complex plane, but her angle wasin
the wrong interval. Y ou remember the formula given in part 1
for the angle of a complex quantity? Of course you do, but |
writeit hereagain:

X

J = arctan.=
Ix|

. a
%0, €1-
exd e

op
o 2

WEell, this is the general formula used by the HP49G to find
the angle when the provided arguments are symbolic
arguments, to which senns also belong. Trabakoulas used his
HP49G which is equipped with a CRR (Cow Radiation
Recelver by Rcobotics®) and measured the x and y
coordinates of the cow to be 1 km westwards and 1 km
southwards from his position. Now, Mount Pilatus stood
between him and the cow, so he decided to find her angle and
go around the mountain, instead of climbing up from the one
side and down from the other. (Greek genius!) He entered

- 1- i and pressed ARG. The HP49G returned % + 2><—g. He
presssd EXPAND and then he got 5—)10.Sohestarted

walking counter clockwise and he reached the cow. (Greek
genius, did | say that? ;-)) But the next day he thought that he
would have aso make it to the cow, if he had walked

[ rabakoul
o the cow

H45 W3a

MOUNT PILATUS

N
Wi ,ﬁ%’ﬂ

Irabakoulas” start position

[rabakoulas’ cow
Cow Radiation Peaks at
430 ne and H00 ne
(1 nc=1 nanocow )

['his way would
nave been shorter

4
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the coordinates not as the senn - 1- i but as the complex number (type
0.) (-1.,-1.). "What do complex numbers have, that senns don't?",
he asked. (Remember what Senn means? :-)) He was about to change
profession, but thanks goodness Alban Schann proposed aong with
oﬁ_he_r {edgll nice things an alternative formula which returns angles in
thisinterval:

- .
J = 2ATANG— Y @

eX +JX2+ Y’ @
But unfortunately the simple program

<<
DUP RE SWAP M -> X Y
" 2% ATAN( Y/ ( X+ XA2+Y72) ) )"
>>

will not work for coordinates x <0 and y = 0. (If the cow is exactly
at the opposite side of Mount Pilatus, that is.) So we need a program
that works in any case. (Or at least in any possible case considering
cow coordinates.)

<<

EXPAND @his will turn senns |like -1+0*i to
@ntegers like -1
I F
{ 28. 0. 1. } @f input is integer, real, or

OVER TYPE PCS @onpl ex
THEN

ARG @hen sinply use ARG as it returns the
@ngles in the right interval for such
@r gunent s
ELSE

DUP RE SWAP IM-> XY @l se use Al ban's idea
" 2* ATAN( Y/ ( X+Q( Xr2+Y72)))!
EXPAND

I F @f result contains ATAN

Complex numbers with the HP49G - Part 2

DUP ->LST
{ ATAN } HEAD
PCs
THEN @hen check if pis part of the result
DUP - >NUM
->Qp EXPAND
| F @f algebraic object p (!) is there
{ p} ->ALG
DUP 2 LIST

- MATCH
THEN
NI P
ELSE
DROP
END
END
END
>>

We store this in ALARG, honouring Alban for his idea. Perhaps you
wonder why we don't smply check if p isinthelist that isreturned by
->LST. Well, it doesn't work. Though you can see the p in the list,
entering p and pressing POS returns 0! Matching simply with {p  p}

also doesn't work because you get "bad argument type". We have to
make an agebraic object that only contains p and then put it twicein the

list, which is used by the command - MATCH. Matching with thislist
doesn't change the algebraic object because p is replaced by p, but it
returns a 1, if some p existed in the algebraic, or O if none existed,
which can be used to decide if we keep the result with p or with
ATAN. Store the program in ANGLE and test it with some integers,
reals, complex numbers or senns. The program returns numeric results
for numeric inputs and symbolic results for symbolic inputs. | think
Trabakoulas will remain a Senn. ;-)

You of course aready noticed that the programs in this part of the

complex marathon use often the commands DOSUBS and MAP. Both
commands apply some procedure to all elements of some composite
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objects. But what are the differences? Let's take a more detailed |ook.

The command DOSUBS, as dready said, 3:{ elem elem2 .. ]
applies a procedure, a program, to each 3 f
group of n elements of alist. It takes the list
from stack level 3, the number of elements n
in each group from stack level 2 and the program from stack level 1.
First of al, you can see that even programs can be arguments for
commands. Let's make an example. Suppose you have the list of
numbers {1 2 3 4} and you want to find for each of them

number’ - number+1. Enter thislist. Now, think asif you had only

one of these numbers, say 3, and you wanted to find 3°- 3+1. You
need only one argument for the program that will calcul ate this, namely
the number itself. Thus the number of elements in each group is 1.
Enter 1. Now how would you program the calculation? One of the
many ways would be:

== [rogram ==

<< -> num ' numt3- numtl' >>

Enter this program. Now press M1 2 3 4]
DOSUBS. The result is the list I |

{1 7 25 61 whichcontains [e< -= num 'nue*3-numel
the results of the program, applied + * + +

to each number contained in the

original list. 7 25 61

A second example using three elements for each group. Suppose you
have the list of algebraic objects {X X x> x X5} and you
elem,., for each three adjacent elementsin the
m+2

list. Enter thelist. Y ou need three elements, so the number of elements
in each group is 3. Enter 3. Now think as if you had only one such
group of three adjacent elements, say elem2, elem3 and elem4 on the
stack. Y ou would write a program like for example:

want to find elem,, -

<< -> elenl elen? el enB

Complex numbers with the HP49G - Part 2

<< elenl elen? elenB / + >> >>
Enter the program and press DOSUBS. Theresulting list is:

1y, X2 X [ ; .
X X? x° : -
| v Mve +—5[\; 1?11 X X X

DOSUBS applied the
program to the group of
elements X, X% X?, then

to the group of elements
X2, X% X* and then to the

group of elements ; + ¥
X3, X* X°, whenit ] .
reached the last element |y K_ i X e X
and stopped processing. ] ¥* X |

It is not even necessary for the program to return only one result.
Suppose you want to find the absolute value and the angle for each
gement in the following list of complex quantities
i o [

i(10) (11) 3-2% 2% 3% Enter the list, then enter 1 and then
enter the program:

<<

DUP ABS SWAP ARG
>>

Now press DOSUBS. After awhile you get the resulting list:
11 0. 1.41421356237 .785398163397 {i

&2y py
J13 ATANG o 2 %

—_—r— —\

The program run for each element and returned its absolute value and
its angle, as the picture on the next page shows.
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I:'l[]] (11) 3-2+i

//\\
//./

O 141427356230 (8538981633970 143 .-”'.I.-"-.

The commands NSUB and ENDSUB are related to the command
DOSUBS. The command NSUB returns the number of the group of
elements being actually processed. The command ENDSUB returnsthe
total number of groups in the list. Both numbers are returned as real
numbers on the stack. Both commands work only inside the program
that is applied to each group of elements. Suppose for example that you
have abig list, and for each element you calculate its sine. If you enter
the big list, then a 1, the program:

<<

NSUB " of " + ENDSUB +
1 DI SP
SIN

>>

and press DOSUBS, then the HP49G will display "n of m" at the top
line of the screen, n being the number of the element being processed
and running from 1 to the number of elements in the big list, and m
being the number of elements in the list. Of course NSUB and
ENDSUB can aso be used for other purposes, like for example to
decide what should be done according to the position of agroup in the
list.

\\\\h

When alist element isitself alist, then it istreated as awhole.
DOSUBS holds at the current nesting level and doesn't also
examine group of elements of sub lists. If for example you
have thelist {{1 2 3} {3 4 5 {4 5 6}} adyou

enter 1 and then the program << 5 POS >>, then DOSUBS wiill
return {0. 3. 2.}, alist containing the positions of 5 in each sub
list. But if you enter thelist {{1 2 3 {3 4 5} {4 5 6}}
then a 1 and then the program << ->STR >>, then the result is
thelist{"{1 2 3}" "{3 4 s}* "{4 5 6}},inwhich
each sub list is turned to a string. The result is not
{{1 n2n v3v} {3 4" "5} {4 "5 6}} ,in

which each element of the sub listsis turned to a string. If you
want to use DOSUBS and to go a step downwards in the

nesting, then you must nest DOSUBS. An example for such a nesting
using the same list like above: Enter the list

{{1 2 3} {3 4 5 {4 5 6}},then1and thenthe program:

<< 1 << ->STR >>
DOSUBS
>>

Now, press DOSUBS. Theresult isthe list:
{{1 w2n v3v} {3 4" 57} {4 "5 6}}

How did that work? The DOSUBS that you invoke by pressing the
key, applied the program to each element of thelist, that isit took each
sub list and passed it to the program. The program received each time a
list, entered a 1, entered the program << ->STR >> and did another
DOSUBS, this time to the sub list. The picture on the next page
demonstrates this.

It should be noticed here that many times using DOSUBS is not

necessary. Many commands know how to process lists up to the first
level of nesting. Suppose for example that you want to find the square
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root od each element of thelist {1234 5}. You [l o 1] | 11
don't need to use DOSUBS, because the built-in e d}ld 4 b}l"— 2 F—*}J
command O can also handle lists, returning the s , .,

list of square roots of each element: c< 1 << -3CTI
{1 J2 3 2 Jg}.ButitdoesonIyupto DOSUBS >
the first nesting level. That means that entering { * \

{ff1 2 3 45 {2 3 4 5 &)} ad

pressing [(, will error out with "Bad Argument {1 :
Type" because the command O received the || ||

Outer DOSUBS sees this program

elements of the first nesting level, that is the
elements of the ligt l==

{{ 2 3 4 5 {2 3 4 5 6}} which
are themselves lists. But if you enter the list
P

> | << -»5TR == | Inner DOSUBS sees this program

{{1 2 3 4 58 {2 3 4 5 &}},thena

1, then the program << O >> and then press  [uqu wge uey
DOSUBS, then the result will be the list !

(LVz J5 2 V8 (V2 5 2 J& JA}.The | /
DOSUBS command applies the program << O>> TR e TEm o QOuter DOSUBS sees this program
to each sub list. The program itself contained the S e
command O, which got a list of integers as ¢ J
argument, and so it returned the list of the square
roots. The picture on top of the left column of the
next page demonstrates this. {{1 L Ll H,:, AN }{--4" R Jl}
The behaviour of DOSUBS allows easy list flattening when it is used
in combination with recursively program calling. Consider the GBJ-> DROP 1 SF
program: END
>>
<< DOSUBS
1 CF I
1 1 FS?
<< THEN
| E FLATTEN
DUP TYPE 5. == END

THEN >>
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Store this in FLATTEN. It flattens a list with any nested sub lists,
which themselves can contain sub lists, and so on. Any combination of
nesting levels will be flatten to a single list that contains all elements,
sub elements, sub sub elements, and so on.

Note also that DOSUBS will not process arrays. But you can convert
an array to alist of lists using AXL. Then you can process the list as
you wish, and reconvert to an array using AXL again. But one thing
must be said here. The re-conversion of thelist to an array using AXL,
will produce always a symbolic array (type 29.) even if you started
with areal array (type 3.) or acomplex array (type 4.) If it isimportant
not to lose the type of the array, then you can use the command OBJ->
or ARRY-> to explode the array to its elements, ->LIST to construct
the list out of the elements and then OBJ-> or LIST-> to explode the
list and ->ARRY to reconstruct the array.

On with MAP. This command is similar to DOSUBS because it
processes elements of lists. But it has also differences. First of al, it
will process also array elements. The command takes alist or any array
from stack level 2 and aprogram from stack level 1, which it appliesto
each list or array element. As you already see there is no number of
elements which are going to be processed as a group. This is because
the command automatically goes through the nesting levels until it finds

Complex numbers with the HP49G - Part 2

| co o > | DOSUBS sees this program

| Command  seas list of

X\lnh—:gwa

| F S RS |

DOSUBS sees this program

somethlngthat|snotaI|storanarray,andthenattemptstoprocessthls[H‘EﬂE‘E} {ﬂﬂgﬂﬂ}l

something

A first easy example: Enter thelist { 1 2 3} and then the program:
<< SQ >>

Press MAP. The result is the list {1 4 9}, a list with the squares of
each number.

Now enter {1 2 {3 4}} and the same program << SQ >> and press
MAP. Theresult isthelist {14 {9 16} }. MAP "went down" through
all the nesting levels and returned a list with the results and with exactly
the same structure.

Since MAP aways goes through all nesting levels, you can't process

1

eventually contained sub lists as a whole. And you also can't use it to
process contained elements as groups. A program that needs more than
one arguments can't use the appropriate number of list elements as
arguments. However if all but one arguments for the program are
constant, then the program itself can of course put those constant
arguments on the stack and then continue processing. If you for
example want to multiply each list element of thelist {14 {9 16}} with
2, then enter the list and the program << 2 * >> and then press MAP.
Theresultis{28{18 32}}.

When processing lists with MAP, then the used program can take only
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one argument at atime, but it can return more than one results. If more
than one results are returned, then they are put in alist, which replaces
the element from which the results are achieved. For example, if you
enter thelist {2 8{18 32} }, the program

<< DUP 2 [/ > and press MAP,

{2 3 {8 4 {18 9 {32 18}}.

Don't try to explode the additional lists by adding OBJ-> DROP at the
end of the program that is used as argument for MAP. Remember, the
program will be used to each element of the list. So for example

entering {(1.,0.) (0.,1.)}, then the program << DUP 2 / ©BJ->
DROP >> and then pressing MAP, doesn't return the
{@.0) (51) (0.1) (0..5)} butthelist

{{@.0.) 5} {(0.1) 0}}.How doesthishappen?well, think

again of alist element aone, say (1.,0.), on stack level 1. The program
issues DUP, so you have (1.,0.) on stack level 2 and on stack level 1.
Then the program says 2 / so you have (1.,0.) on stack level 2 and
(.5,0.) on stack level 1. Then the program says OBJ> and this
command is applied to the element on stack level 1, which is (.5,0.),
so the stack goes to (1.,0.) on
stack level 3, .5 on stack level 2 [ e
and 0. on stack level 1. The 1’3 8 Jl1H d"-’Jl'}
command DROP drops the O. \
from stack level 1 and so (1.,0.)

comes to stack level 2 and .5 to << DUR 2 §
stack level 1. Now the program
has finished and the two objects
(1.,0) and .5 are on the stack.
They are wrapped in a list,
because the output was more than |
one object. The list is put where
the first processed element, the
complex number (1.,0.) was in the original list, namely at position 1.
The same is repeated with the second element of the original list.

then the result is

list

MAP can aso apply a program to each element of an array. But the
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result of the program must be a valid matrix element. If an invalid
matrix element is created by the program, then MAP errors with "Bad
Argument Type" That also means that the program should return only
one object because otherwise the resulting objects are wrapped in alist,
and lists are not valid array elements. Another thing to be consider is
that the resulting array is always type 29. for symbolic array, even if
you started with an array containing only real or complex numbers. If
you want to reconvert the array to its original type, you should use the
command sequence OBJ-> ->ARRY or ARRY-> ->ARRY after MAP
has finished its work.

16l 20 & 6ul
If you have alist of arrays like for example | 4 . A Y,
y i Pele 48 & ed)
program like << O >>, then pressing MAP returns the list
lei J2U &5 V6 W

i A . v. This shows that MAP goes

183 20 &7 2+J28) )

"downwards" the nesting levels, no matter if they are sub lists or
arrays.

and a

Last thing for today, the promised descriptions of some commands
used so far. Let's start with SREPL. This command takes a string from
stack level 3, astring from stack level 2 and a string from stack level 1.
It replaces all occurrences of string of stack level 2 in the string of stack
level 3 with the string in stack level 1. It returns the new string and the
number of replacements made. It is case sensitive. Example:

30 "HP483G"  srepL 3
@ A5 g 20 "HPS8G="
10 "BHG" 1 1

REPL can do many things. For the time being we examine how it
replaces parts of strings. It takes a string from stack level 3, a number
from stack level 2 and a string from stack level 1. It replaces the
characters in string of stack level 3, with the characters in string of
stack level 1, starting at position in string of stack level 3 given by the
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number of stack level 2. Example:
3: "Greek shepherd'
2 i
1 ‘cowbay "

REFL 3
- 2

1: "Greek cowboy "
HEAD returnsthe first element of alist or the first character of a string.

TAIL returns all but the first elements of alist asalist, or al but the
first characters of a string as a string. It returns an empty list/string if
the origina list/string had only one element/character.

DISP takes an object from stack level two and a number from stack
level one. It displays the object at the line indicated by the number at
stack level 1. Objects are not displayed in pretty print, but as they
appear in the command line. Strings are displayed without double
quotes.

POS takes a list/string from stack level 2 and an object/string from
stack level 1. It returns the position of the object in the list or the
position of the string of stack level 1 in the string of stack level 2. If the
object/string is not in the list/string, then 0. is returned.

SUB can also do many things, but we examine here only its workings
with lists or strings. It takes a list/string from stack level 3, the start
position from stack level two and the end position from stack level one.
It returns the portion of the list/string starting at the starting at the start
position and ending at the end position.

IFERR THEN EL SE END isused to trap errors. The genera syntax is.

| FERR
comuandsl
THEN
comands?2
ELSE
comuands3
END

When an error occurs executing the command sequence conmands1,
then the command sequence is abandoned and the program continues
with command sequence conmands2. If flag -55 is clear, then the
arguments that caused the error are returned to the stack. If thisflag is
set, then these arguments are not returned to the stack. If no error
occurs executing conmands1, then the program continues with the
command sequence commands3. When the clause has been finished,
the program continues with commands after END. The EL SE part can
be omitted. The commands ERRM, ERRN, and ERRO are related to
errors. ERRM returns the last error message as a string. ERRN returns
the last error number as a binary integer. ERRO clears both ERRM and
ERRN. And while we are at it, DOERR creates an error. It can take a
binary integer or a rea number or an integer and does the
corresponding error of the HP49G. Or it takes a string, does an error
and uses this string as the error message. Example:

"Game over, man!" DOERR , will produce:

Samea over
mant

- P L e

That means the gameis over for today. Hope you enjoyed it! next time
we'll be messing around with symbolic complex quantities and some
confusing modes combinations and assumptions for variables.

B

[Greetings Nick] << 2 * == MAP

l

\Greetings”  Mick” |
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Hi everybody!

Before starting the third part, let me correct an error of the last part
which the awaken eyes of Veli-Pekka have discovered. On page 2-30
the example for usage of command REPL with strings, had a wrong
argument on stack level 2. The correct number should be 7. Thank you
very much for noticing this Veli-Pekkal

We continue today with the third part of the Complex Numbers
Marathon, which promises to be very interesting, since we have Obi
Van Trabakoulas and Darth Kojak as guest starts. Oh, and of course
because we start one of the most complex routes of this marathon,
namely symbolic complex quantities and the settingsthat influencetheir
interpretation on the CAS of the HP49G.

Actually Trabakoulas didn't plan to be a Jedi Knight. He never cared
about such "adventures for smart guys', as he says. But yesterday the
police visited him at his place and started asking questions about how
many cows he has and if he knew about allowed limits of cow
radiation. And he continues with a smoking pipe between hislips.

"My son, they came here with their space ships in the night, do you
understand this? - with al lights on, and the cows were so scared that
next morning they gave cheese instead of milk! - Those imperial
stupids! Don't they ever sleep? The whole world slegps at night, even
the cows! The smiling baldie (Darth Kojak) dared call my cows
rubbish, so | took old Alma (the boss cow) and directed her to attack
his... - you know the part where his sits on." (That's why Darth Kojak
breaths so heavy, especially when getting up!)

From now on Trabakoulasis Obi Van Trabakoul as the cow warrior and
he doesn't need photon swords and other technology miracles, since
old Almadoes the work very nice. May the cow radiation be with him!

Now back to our subject. We are going to look at symbolic complex
expressions, that is complex algebraic expressions that contain variables
in which no value has been stored, like for example and other. The
HP49G has a lot of settings and of course even more combinations of

them, that allow you to control it exactly as you wish, when it comes
to complex quantities. But because the settings are so many, working
with the HP49G is also sometimes a bit confusing, because you might
get unexpected results and think that the calculator starts getting crazy.

Let's first configure the HP49G so that we all start with the same
settings. There are many settings that influence the workings of the
HP49G regarding complex quantities. So let's use STOF to make all
settings at once. We will be discussing about all these settings and
flags one after the other in the examples that follow. Now, enter the

list {#A003008DO10FFOh #0h #190100402000028h #0h}

and use STOF to store al flags at once. Press [blue-shift] and then
[APPS] to start thefiler. Go to the directory CASDIR find the variable
REALASSUME. If you find it, select it and press the menu key
[EDIT]. Edit the listto {X Y t S1 S2} if necessary and press

[ENTER]. If the variable REALASSUME doesn't exist in CASDIR,
then press the menu key [NEW] to create a new variable. Enter the list
intheinput field labelled with " Object:". Intheinput field 1abelled with
"Name:" enter REALASSUME. Press menu key [OK] and exit the
filer. We'll seewhat REALASSUME isfor in the following examples.

Let's first examine what real and complex mode is for. You can
control this mode with the flag -103. When thisflag is set, the HP49G
isin complex mode and a small capital "C" appears at the top of the
screen. When this flag is clear, the HP49G is in real mode (like now)
and a small capital "R" appears at the top of the screen. What can be
controlled with this mode? Well, purge variable A if it existsinthe
current path, enter 'A' and press RE. Theresultis A. Enter again
‘A" and press IM. Now theresult is 0. This example shows that for
the HP49G the variable A is areal quantity, because it finds the real
part of A to be A itself, and the imaginary part of A tobeO, and
these results are valid for any real variable. Let's try some other

function. Enter the equation A”+1= 0, then enter 'A' and press

SOLVE. Theresult isan empty list because there are no real solutions
for this equation. That means again, that the HP49G in rea mode
considers generic (formal) variables to be real. If you try to factor
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A? +1 with FACTOR, then you get A® + 1 asresult, which again
shows that the HP49G "sees' the variable A asareal quantity. Let's do
some more exploration. Enter ‘A" and press ABS. The HP49G returns
|A], and this also shows the same general behaviour. But there are also

exceptions. Enter 'A' again an press ARG. Now theresult is:

. )
aTANEMA) O & RE(A)O
eRE(A)g &

" RE(A)o

I\JT‘O

and the HP49G has switched to complex mode. (Look at the small "C"
at the top of the display.) When the HP49G returns results with IM(A)

or RE(A), it considers variable A to be ageneric complex quantity

which hasareal part RE(A) and an imaginary part IM(A). But why the
differences? Do some of the functions like ABS, RE and so on,
consider generic variables to be real, while other functions like ARG
consider them to be complex? Well, to find the answer, switch back to
real mode by pressing simultaneously the keys [blue-shift] and
[TOOLS]. Enter 5 and press ARG again. Theresultis O but the

HP49G has again switched to complex mode. This shows that the
function ARG first switches the HP49G to complex mode. In complex
mode variables are considered to be in general complex (with some

exceptions, which we will examine later on), that is RE(A) ¢ A and
IM(A) * 0 in generd. Theresult of ARG isthen calculated, and

because ARG has already switched the calculator to complex mode, it
returns the above result that contains RE(A) , and IM(A). Switch back
to real mode and EXPAND the expression

. ] R
ATaNEMAIO & REAIOD o o (PHA A D)7 IA]
SQ(A)»

éRE(A)g & |RE(A)o 2
A" - Axp ¥A
2

Press EXPAND again and you get the result . Press

p ¥Al- Axp
A

EXPAND another time to obtain - , which again shows

that in real mode generic variables are real for the HP49G. We will see
later on, how we can get this result right from the start. Let's add some

more complicated examples. Enter e” and press RE or IM. Y ou get
the expected results, e” or 0. Enter Z° + 1 and press ABS. The result
is Z° +1, which is correct when Z isreal because then the quantity
Z? +1 can't belessthan 0, and so [2° +1 = Z% +1. Enter Z* - 1 and

press ABS. Now the result is |22 - 1. Thisisalso correct, becausein

this case the absolute value depends on the value of Z and we didn't
give the HP49G any information about this value. "But can we do
that?', you might ask. "Can we give the HP49G any additional
information about such formal variables?'. And the answer is, "Oh
yes, we can!". Assume for example that Z is some physical quantity,
say alength, that in your specific problem can't belessthan 1. In such
a case you enter Z 3 1 and usethe command ASSUME. This
command adds therelation Z 3 1 to the liss REALASSUME. (It aso
returnsits argument to the stack, though the normal behaviour in RPN
mode would be to remove it from the stack, but that's a different story.

;-)) From now on calculations that somehow have to do with Z will
take into account that Z is greater than or equal to 1. If you now enter

Z? - 1 and press ABS, the calculator returns Z° - 1 (and not |22 - 1 )

because it knows that Z 3 1 and so the quantity Z° - 1 isaways
greater than or equal to 0, which meansthat |22 - 1= Z* - 1.

Let's verify this by examining the case 0 £ Z £ 1. Remove first all
assumptions already madefor Z. Enter 'Z' and then use the command
UNASSUME, which removes all assumptions for Z.Now enter
Z £1 and use ASSUME. Enter Z 3 0 and press ASSUME again. (If
you now take a look at REALASSUME you will see that it contains
the assumption Z £ 1AND Z 3 0, which is one of the ways that the

HP49G can express the relation 0 £ Z £ 1. Now enter Z° - 1 again
and press ABS. The result - (Z2 - ]) is compatible with our
assumptions for Z. Remove again all assumptionsfor Z by entering
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'Z" and using the command UNASSUME.

In general there are two kinds of assumptions. The first kind is to
simply assume that some variable is real. You do that by entering the
variable and using the command ADDTOREAL, which adds the
variable to the list REALASSUME. This kind of assumption simply
tells the HP49G that the variable is real. The second kind is a relation
like for example Z £ 1AND Z 3 0 which tellsthe HP49G that the
variableisreal and that its value hasthe constraints given by therelation
on stack level 1. The first kind of assumptions doesn't seem to be very
useful in real mode, since in real mode formal variables are considered
to be real. But this kind of assumption has great usefulness. We have
already seen that some functions, like for example ARG, switch the calc
to complex mode and return results that are compatible with the
assumption that variables are complex. But if you enter 'Z' inreal
mode, use ADDTOREAL toadd Z to thereal variables, and then press
ARG, then the result is no more the big expression with RE(Z) and

. . & Zop L
IM(Z) from the previous page, but simply gl- ﬁﬂxz . Thiskind of

assumptionsis also very useful when working in complex mode, which
we will examine later on.

Now, remove again assumptions for Z by entering 'Z' and using the
command UNASSUME. Also switch back to real mode. Enter Z 3 0
and use ASSUME to inform the HP49G that Z isgreater that or equa
to 0. Enter Z*- 1, then 'Z' and press SOLVE. The HP49G returns

only one solution, namely the solution Z =1 which is compatible with

the assumption Z 3 0. We see that SOLV E considers assumptionsin
this case. But this is not always the case. Let's try a system of linear

equations. Enter the vector of equations [Z+1+X =-2 X +3=4]
and then the vector of unknowns [X Z]. Now press SOLVE again.
The HP49G returns a list with the solutions vector {[X =1 Z=- 4]}

which contains a solution Z = -4, that isnot compatible to the
assumption Z 3 0! Soyou can't lay back and expect that the solutions

will be always compatible to your assumptions! In this case SOLVE
seems to use some of the algorithms involved in the command
GBASIS, and these agorithms doesn't seem to care about
assumptions. Remove now al assumptionsfor Z.

Let's check further properties of real mode. Enter Z°- Z° +Z- 1,
then enter 'Z'. Press SOLVE. The HP49G returns Z = 1. The

equation Z° - Z° +Z - 1 hasalsothe solutions Z =i and Z = - i but
these solutions are filtered out, since we are in real mode and so Z
must be real. If you enter Z°- Z® +Z - 1 and press FACTOR, then
the HP49G returns (Z - 1)z* +1) instead of (Z- )Xz +{)4Z - i),
that is it stays in the rea domain. But if you enter
(z- 1)z +1)XZ - i), press EXPAND first, and then solvefor Z,
you get the solutions {Z =1 Z =i Z=-i}. Similarly, if you enter
(z- )Xz +1)XZ- i), press EXPAND first, and then FACTOR, you
get (Z- ){Z+i){Z- i). Thisis because the command EXPAND

switched to complex mode, since it had to expand an expression that
contained i, the imaginary unit.

Here we should also note the difference between FACTOR and
COLLECT. Leave the HP49G in complex mode, enter Z°- Z? +Z- 1
and press COLLECT. Though we are in complex mode, the result is
not (Z- )Xz +0)XZ- i) but (2 - 1){Z* +1). The command

COLLECT doesitswork over the integers, and so it factors staying in
the real domain when possible. What does this "when possible"
means? Let's have an example. Enter Z° +ixz° - Z - i, switch to real
mode and press COLLECT. The result is (Z +1){Z - 1)XZ +i). That

shows that COLLECT can return also complex factors, when the
expression to be COLLECTed aready contains some complex terms
and can't be factored solely over the integers.

Now that we know about assumptions, perhaps you have the question
in mind: "What happens if we make two incompatible assumptions?’
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For example, suppose you have made the assumptions Z 2 0, and after
some days you forgot about it. Then you make the assumption Z £ 0.
The liss REALASSUME now contains the assumption
Z £0 AND Z3 0. If you now try to solve for example Z*> + Z- 2 for
Z , then you will get an empty list as solution though the equation
Z°+Z7-2=0 hasthesolutionsZ =1and Z = - 2. It can be of great
importance to check the list REALASSUME from time to time, or to

remove all assumptions made for some variables, after solving some
problem, in order to start "with a clean sheet of paper".

Furthermore, what happens if we manually put some assumption in
REALASSUME, which can't be used with the command ASSUME?

Y ou could for example add SIN(Z) 3 0 in REALASSUME by editing
the list manually. If you later enter SIN(Z) and press ABS, then the
result is [SIN(Z)| and not SIN(Z), which shows that such assumptions

are not used. Only assumptions of type Name 3 Expression or
Name £ Expression will work. Note that you can a'so make one
assumption that depends on another assumption. For example you can
make the assumption T 3 0 and the the assumption Z 3 TZ. If you then
enter Z and press ABS, the result will be Z, because the HP49G

knows that Z is greater than or equal to T> and that T is greater than or
equa to 0, which together resultsin Z 3 0.

Remove now the assumptions for T and Z and let's examine another

flag that influences such results, like those which we have talked about
until now. We are going to examine flag -119, which controls
rigourous/non-rigorous mode. When this flag is set we are at non-
rigorous mode. When it is clear we are at rigourous mode. Y ou can set
or clear thisflag with SF and CF like any other flag. But you can also
press [MODES], then the menu key [CAS] and then check or uncheck
the option _Rigourous. When in non-rigorous and real mode the
HP49G assumes that for all generic variables A, therelation |A| = A is

true. That means all variables are real and greater than or equal to 0.
Switch to real non-rigorous mode, and enter Z. Now press ABS. The

result is Z and not |Z|, which shows that the HP49G considers Z to
be real and greater than or equal to 0. Enter Z again and press ARG.

The HP49G returns now the result ATAN%EIMQ and not

RE(Z)g

AaM(2) o+ae RE(2)6 p

ATANG——=% , which 3-2. Thi
REZ)o RE(Z )|gX§ which we saw on page is
makes sense partlally only. It is correct not to return the part
& RE(Z)0 p
, if we consider that RE(Z) = Z (because we started
|RE(Z)|;a 2"

at real mode) and |Z| = Z (because we started at non-rigorous mode),
and the two relations together result in [RE(Z)| = RE(Z). And so we

have 91- RE(Z)9 L =0, and so only the term ATAN%EIM(Z)
IRE(Z )|g 2 eRE(Z) o
remains as the result of ARG. But because we know aso that
RE(Z) = Z, we havethat Z isreal and o ATANEMZ) O _ )
eRE(Z) o

result should be O in order to make sense completely. It isnot that this
result iswrong, it isonly that the HP49G uses the modes combination
real/non-rigorous only partially. Y ou can of course switch back to real
mode and press EXPAND, which returns the expected O.

The non-rigorous mode is not taken into consideration by all
commands. For example if you SOLVE Z*+Z-2=0 for Z in
real/non-rigorous mode, then you get the solutions {Z =1 Z =- 2},
though non-rigorous mode implies mathematicaly that
|Z|l=2Pb Z3 0. Soperhapsit is better to think of non-rigorous mode
as the mode where the CAS takes only the relation |Z| = Z into
consideration, but not the relation Z 3 0. Let's examine this a bit
better. Switch to real/non-rigorous mode, enter Z £ 0 and use
ASSUME to add this assumption to REALASSUME. Now enter Z
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again and press ABS. The result is - Z and it shows that assumptions

override non- rigorosity. If you now enter Z again and press ARG, then
you get a?[+ 2 WhICh iscorrect for areal Z that islessthan or

equal to O. The non-rigorosity relation |Z] =
variables with no assumptions at all.

Z isonly used for

Now switch back to real rigourous mode. The last option that we
examine, is the flag -128. When this flag is clear, then complex
variables are allowed, in the sense that the the HP49G will consider
formal variablesto be complex, if it has no other means of determining
if they arereal or not. When the flag is set, then all formal variables are
considered to bereal. Y ou can set/clear thisflag with SF or CF, or with
the flag browser. Let's ook at this a bit closer. Set flag -128 and enter
Z . Use UNASSUME to remove the assumptions made for Z. Now

press ABS. The result is |Z|. Thisis not very surprising. But if you

enter Z again and press ARG, then theresult is 91- —QXE and this

|4 2
shows that the HP49G considered Z to be real, though ARG has
switched the calculator to complex mode. The result also showsthat the
HP49G made no further assumptions about Z, neither Z 3 0, nor
Z £ 0. Switch back to real mode. If you now enter Z 3 0 and then use

ASSUME, then entering Z and pressing ARG returns a?[ Eﬂ 2
which shows that the calculator considered Z to be real and also greater
than or equal to 0, which means ARG must return O, or an equivalent
result.

This mode (only real variables, flag -128 is set) is particularly useful,
when we work with physical quantities, for which we know right from
the start, that they are dl real.

Switch now back to real rigourous mode, enter Z and press
UNASSUME and then clear flag -128 to alow complex variables

again.

From what has been said until now, you may think that when complex
variables are somehow "deactivated”, be it through assumptions or
mode settings, then we can only work with real quantities. But thisis
not the case. Consider for example the two variables X and Y, which
arein the list REALASSUME per default. These two variables are of
course real for the HP49G, but we can make a complex quantity with
them: X +i%Y . If you enter thisin real mode and press for example
RE, then the HP49G returns X, because it knowsthat X and Y are
real. If you enter X +ixY and press M, the HP49G returns Y for the

same reason. The function ABS will return +X? + Y? and switch the
HP49G to complex mode. Switch back to real mode and try another

example. Enter e” and press ABS. Theresult is ezl, because of the
reasons described on page 3-2. But if you enter e**™ and press ABS,

then the result is g¥|/SIN(Y)’ + COS(Y)® and the HP49G isin

complex mode. The HP49G has turned e to
e yCOS(Y)+i>SIN(Y)) and then has found the absolute value of
the latter expression. Switch back to real mode and press EXPAND.

You get € *[SIN(Y)’ + COS(Y)? , because the HP49G knows that

e” 3 0 for real X. If you now use the function TRIG (trigonometry
marathon), then you get e*, the end result. If you enter e*™™ and
press RE in real mode, then you get e* >COS(Y), thereal part of

e* {COS(Y) +i>SIN(Y)).

Of course assumptions and/or non-rigorosity are also used in
calculations with complex quantities of the form X +ixy , where X
and Y areredl.

Y ou aready noticed that some commands, like for example EXPAND,
will switch the calculator to complex mode, when the expression being
EXPANDed directs them to do so. There has been aready a lot of
discussions and wishes about the behaviour of the HP49G regarding
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such mode switches. Some want them to happen automatically as
needed, others want the HP49G to ask first what to do, and quite afew
people (like me) don't like this behaviour at al. (Consider for example
Mathematica or Maple. Perhaps their inner workings do some kind of
"switch" to real or complex mode. But such "switches" are kept out of
your way.) The current version of the system/CAS software of the
HP49G uses a flag, namely flag -120, for determining if such mode
changes are performed automatically, or if you should be asked each
time such a mode change is about to be performed. When flag -120 is
set, then we have "silent mode on", which means that mode changes
will be performed without asking you if you want them to be. When
thisflag is clear, then "silent mode" is off, meaning that the calculator
will ask you each time, when it wants to change modes. (And ruin any
programs that have to run unattended!) If you have the time and
curiosity, just switch to real mode and clear flag -120. Then go to the

EQW and enter (X +ixY)*. Press EXPAND. Y ou are presented a pop-

up with the question "Complex mode on?" and the choices "Yes" and
"No". If at this point you choose "Yes', then everything will be fine.
But if you say "No", then the calculator errors out with "EXPAND
Error: Mode Switch Cancelled"! Judge for yourself if this behaviour is
reasonable or not, but for now set flag -120 again, so that such
guestions are suppressed and the HP49G does its work without asking
you to choose.

By the way, if flag -120 is clear and you press [blue-shift] and then
[TOOL] to enter the imaginary unit i while you work in the normal

stack with the normal command line, then the change modes dialogue
appears again. But if you under the same circumstances enter 'i', that is
the imaginary unit enclosed in single quotes, then the dialogue doesn't
appear. The question for mode changes appears only when the HP49G
has to do something with the input, evaluate it, EXPAND it and so on.
The single quotes tell the HP49G to take the input expression and just
put it on the stack as is, without any changes, and so the dialogue
doesn't come up. But with the flag -120 clear (silent mode off), if you
press [blue-shift] and then [TOOL] while you are in the EQW, then no
change mode dialogue appears. Y ou can even press[ENTER] to put the
imaginary unit on the stack without any question about switching to

complex mode! (If you cleared flag -120, set it now, to turn silent
mode on again.)

We have covered al (?) possible combinations of settings that
influence the workings of the HP49G, when it isin real mode and has
to do with complex quantities. All above information, except the
adventures of Obi Van Trabakoulas, is summarised on the table titled
"What the HP49G does with complex quantities in real mode" on the
next page. What? You want to know what happens under the same
settings but in complex mode? Y ou curious person want me to write
another five pages about the behaviour of the HP49G? OK, OK, I'll
do that, but remember to bring me some donuts when you visit me at
the neurological clinic ;-).

First of all switch your HP49G to complex, rigourous mode and set
complex variables allowed. We are going to repeat the same examples
for better understanding the correspondence of behaviours. Here we
go again. Purge variable A if it existsin the current path and remove
all assumptions for it. Enter A and press RE. The result isRE(A) .
Enter A again and press IM. Theresult isIM(A). For the HP49G the
variable A is now a complex quantity, consisting of areal part RE(A)
and an imaginary part IM(A). Enter the equation A* +1=0, enter A
and press SOLVE. The result is the solution list {A =ix1 A =i}.
(PressEXPAND toturnitto {A =-i A =i} ). That means again, that
the HP49G in complex mode considers forma variables to be
complex. If you try to factor A”+ 1 with FACTOR, then you get
(A +1)XA - i) asresult, which again shows that the HP49G considers
variable A to be acomplex quantity. Now, enter A and press ABS.
The HP49G returns \/RE(A)2 +IM(A)* , the general form of the
magnitude of the complex variable A . Enter A again an press ARG,
to obtain ATAN?MQ + 8? RE(A) QXE, the general form of the
eRE(A)g & |RE(A)z 2
angle of acomplex quantity A.
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What the HP49G does with complex quantities in real mode

Without assumptions about formal variables

With assumptions about formal variables

Rigorous mode
is on

Formal varlables are in general considerad 1o be real. Exception
when some commands llke ARG cause swilching o complex

mede. In such cases expressions containing RE[A) andler
IM{A) are retumed. Switching back to real mode and EXPAND
will turn RE(A) andior IM{A) 12 A andior 0. Any algebralc

manipulations that Include abeolute values are performead in the
mathematically sirictly comect wey, without assurming anything
about formal varlebles in the most general form and returning |.-E".|
when necessery. Solving eguetions returne only real solubions
gome exlat, or no solulions at all if only complex solutions exlst,
When only real wvarlables are sllewed (flag -128 set), then
commands llke ARG which switch to complex mode, simplify
RE(A) andior IM{A]) to A andiar 0. Whan flag -120 is clear
(ellent rmode off) you ere alwaye asked before any mode change (g
performed.

Formal wvariables are Im general considered to be real and
assumpiions for them are iaken inte consideration. Whan
commands like ARG ceuss swiching to complax rmode then If
assumplions for wariables are present, thess are also used. Any
algebralc  manipulations  that include absclute welues  are
performed conskdening assumptions sbout formal varablas. When
no essumpilons are present, them the most general forms are
returmad, llke for example |.":".| when necessany. Solving
equations returns only real sclutions I some exist, or no sclutlons
at all if only comples soluticns exist. The sclutions are omly in
EBoime Gases compatible o assumptions. When only resl variables
are allowed (flag -128 set), then commands like ARG which switch
to complex mode, simplify RE{A) andior IM{A) 1o A andior 0
Wihen flag -120 I8 clear (sllent mode off) you are always asked
before any mode changs |8 parfommed.

Rigorous mode
is off

Fermal varlables ara in aeneral conalderad 1o be real. EK-EE'FIIJEIH
when some commands like ARG ceuse EwWlching o complax

mode. In such cases expressions contalning RE[A) andier
IM{A) are returned. Switching back to real mode and EXPAND
will turn RE(A) andior IM{A) 0 A andior 0. Any algebraic
manipulations that include absolute wvalues are performed
considering that for sny formel versble A the assumpticn
|A| = A holds. This assumption is only used to replace [A] by A
but nat In the sence A 20 Sclving equations returns only real
solutions if some exist, or no solutions at all i only complex

sclutions exlel. When only real warables are allowed (flag -128
gat], then commeands like ARG which switch to complex mode,

simplify RE{A} andior IM{A) 1o A andior 0. When flag -120 s

clear [sllant mode off) you are alweys asked before any mode
chamge |8 parformed.

Fermal varlables are In aeneral conslderad 1o be real. E?.-EE'FIIZIDH
when some commands like ARG ceuse EWtching 1o complex

mode. In such cases expressions contalning RE[A) andior
IM{A:I are returnad. Switching back to real mode and EXPAND
will turn RE(A) andior IM{A) 1= A andior 0. Any algebralc

manipulations  that include absolute values are performed
consldering  your  assumptions.  you  didnt make  any

assumptions, then for any formal varable A the sssumption
|A| = A iz used. This sssumption iz enly used to replace |[A] by

A but not in the sence A =0, Sohing equations returne only
real soluticns if saome exist, or no sclutions &t &ll if only complex
scdutions exist. The sclutions ere only i some csses compatible
te assumpticns. Whean only real varables are allowesd {flag -128
gal), then commends like ARG which switch to complex mode,

aimplity RE{A) andior IM{A) 10 A andior 0. When flag -120 s
dear [sllent mode off) you are alweys asked before any mode
chiange |8 performed.
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In complex mode the HP49G considers any formal variable A to be
RE(A) +IM(A) ». Enter e” and press RE or IM. Y ou get the results
) xcoqIM(2)) and e***) xSIN[M(Z)). How does the HP49G
derive this? Well, first of all Z isnow for the HP49G a complex
quantity and thus Z = RE(Z) +IM(Z) %. So the expression e” isfor the
HP49G equivalent to eX%)*™@* |f you enter the latter expression and
press TEXPAND, then you get e*%) xe™?” From the trigonometry
marathon we remember that for €™?” therelation holds:
eV = cosm(z)) +ixsINIM(2)). (f you want to check this out
for yourself, take the expron eRE) xgMH i the EQW, sdlect the
sub- expr son " and press SINCOS.) So we have the relation:
") g = eRE ' cosm(z))+iSINIM(2))) or
eR) ><e'M(Z)”' = &2 CoS[M(2)) +ie™? xSINIM(Z)). Now you
can see that the HP49G calculated correctly real and imaginary parts of

e’.

Enter Z” +1 and press ABS. The HP49G returns the result
\/RE 2 AM(Z)* + 2) RE(Z)” +IM2)* - 24AM(2)* +1. Isthat

correct? WeII if we want to check that, we must do some mathematics
ourselves. For any complex quantity Z we havetherelation:

ABS(Z) = [RE(Z)’ +IM(Z
have the relation:

. For the complex quantity Z* + 1 we

7% +1=(RE(Z) +i¥M(2))” +1
= RE(Z)*- IM(2)" + 25 RE(Z) AM(Z) +1

Thereal part of Z> +1isRE(Z) - IM(2)? + 1 and itsimaginary part is
25 RE(Z)¥M(Z) . If we square the real and imaginary parts and add

the results, we get:
(RE(2)”- M(z)’ +1) +(24RE(2) AM(2))’, or

RE(Z)" +(2:AM(2)” +2) RE(Z) +IM(2)" - 2:AM(2)° +1, which

under the sign of the square root is exactly what the HP49G has
already told us along time ago.

Now, what about assumptions?. Let's check that. Add Z to thelist of
real variables, enter Z? +1 and press ABS. Theresultis |22 +1,

which shows that the HP49G took our assumptions only partialy into
consideration, because it recognised that Z isrea and so the absolute

valueof Z% +1 is|Z2 +]|. But Z?+1 can't belessthan O if Z isreal,

and so we have [Z* +1 = Z* +1. The HP49G didn't realised that,
though it does in real mode! What if we make some explicit
assumption, say Z 3 1?Enter Z and press UNASSUME. Now enter
Z 3 1 and use ASSUME. Enter again Z° + 1 and press again ABS.
The result is again [Z* +1 and not Z* + 1 asit would be if we did

exactly the samein real mode! The fact that avariableisassumed to be
real will be considered in complex mode, but nothing more in this
case. But the inconsistencies go even further! While the assumption

Z 3 1isdtll valid, enter Z* - 1 and press ARG. The HP49G returns

0, which shows that in this caseit did realised that Z” - 1 can't be less
than O, when Z 3 1! Clear al assumptionsfor Z, enter Z £1 and use
ASSUME. Now enter Z 3 -1 and use again ASSUME to put the
assumption Z£1 AND Z3 -1intheliss REALASSUME. Enter

Z? - 1 and press ABS. The HP49G returns [2* +1 which shows that

the assumption Z£1 AND Z?3 -1wasnottakeninto
consideration. The HP49G only used the fact that Z isreal. If it had

used the assumption, it should have returned - (22 - ]) likeit didin
rel mode. Now enter Z?- 1andpressARG. Theresultis
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Z%- 15 . . ,
§L+ 2 E%,Whlch you can EXPAND to p . Thisshowsthat in
this case the HP49G took the assumption Z£1 AND Z3 -1into

consideration and found out that under these circumstances Z* - 1is
negative and so its angle is p .| think thisisavery inconsistent
behaviour which can drive the users crazy.

Now, let's see how SOLVE behaves with assumptions. Remove again
assumptions for Z. Enter Z and use ADDTOREAL to tell the HP49G
that Z isarea variable, SOLVE Z® +1= 0 for Z. The HP49G returns
thelist {Z =ix1 Z =i}, which shows that the assumption that Z
is real was not taken into consideration. Now, make the assumption
Z3 0.SOLVE Z?- 1=0 for Z. Thistime the HP49G returns only
one solution, the solution Z =1 whichiscompatible with the
assumption Z 3 0. This assumption was taken into consideration! With
the same assumption SOLVE Z*- 1=0 for Z. Now the HP49G
returns {Z =i Z=-i Z=1}. The complex solutions and the redl
solution compatible with the assumption were returned. Assumptions of
the first kind, namely those which smply state that avariableisrea, are
not taken into consideration, while assumptions of the second kind,
namely those which say something about the value of a variable are
taken into consideration. Let's try again a system of linear equations
with the same assumption Z 3 0. Enter the vector of equation
[Z+1+X =-2 X +3=4], then the vector of unknowns[X Z] and
press SOLVE again. The HP49G returns a list with the solutions vector
{[X =1 Z= 4]} which contains asolution Z = - 4, that is not

compatible to the assumption Z 3 0! Thistime the assumption of the
second kind Z 3 O was not taken into consideration! Remove the
assumption, enter Z and use REALASSUME. Enter the vector of
equations  [Z- (1+i)- XXX X+ixZ =i+2], the vector of
unknowns  [X Z] and press SOLVE. The result

- 2% & DI : . :
3- 24 Z=- x% is aso incompatible to the assumption

& 7
[K:] 2 2
of the first kind, namely that Z isrea! We can clearly see with these
examples, that the assumptions are used in a totally inconsistent and
unorganised way in complex mode. Add the fact that assumptions are
hidden in alist which you can't easily recall and view, and you have a
feature that is there only for... just saying that it is there. It is totally
unusable in complex mode, and only of partial usefulness in red
mode. Remove now again all assumptionsfor Z.

Let's check how FACTOR and COLLECT behaves when the HP49G
isin complex mode. If you enter Z° - Z* +Z - 1 and press FACTOR,
then the HP49G returns (Z - 1){Z +i1){Z - i), the expected result.
(Well, at |east one expected result ;-) ) Enter Z° - Z? +Z - 1 again and
press COLLECT. The result is (Z- 1) ><(Z2 +1) in accordance to the
result in real mode.

Let's examine now rigourous/non-rigorous mode and hope that the
chaotic behaviour with assumptions will not repeat itself. Press
[MODES], then the menu key [CAS] and then uncheck the option
_Rigourous. As already said, when in non-rigorous and real mode the
HP49G assumes (or should assume ;-)) that for al formal real
variables A, therelation |A| = A istrue. That meansall formal

variables are real and greater than or equal to O.

Enter Z. Now press ABS. Theresuit is \/RE(Z)2 +IM(2)* , which

shows that the HP49G considers Z to be complex and calculates the
absolute value accordingly. Thisiscompatible with the fact that we are
in complex mode, since in this mode all formal variables without any
assumptions are considered to be complex. Enter Z again and press
ARG. The HP49G returns now the result ATAN?MQ and not

eRE(Z) o
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6 F> <)
ATAN?}GM(Z) ~+cl- RE( ) L2 , which we saw on page 3-2.
eRE(Z)e & |RE(Z) o el

Why the difference and is that OK? Well, if you would calculate the
angle of the complex number 1+ 1% withtheformula
EHM(Z) 9, you would get P ,
eRE(Z) g 4
would calculate the angle of the complex number - 1- 1% with the same

formula, you get again %

3_>1o(0r57>1o

f =

which is OK. But if you

which iswrong, asthe angle of this

complex number is - if you like angles between 0 and

2M(2) o+ae RE(2) ©

0
2>p ). Theformula ATAN¢—— L calculatesthe

eRE(Z)e & |RE(Z) o 2
correct result for all cases, and since the HP49G in complex mode gave
HM(Z) 6
us ATAN(}L* asthe angle of the complex number Z, it gave usa
eRE(Z) g

wrong result! The lesson is again, complex non-rigorous mode is to
be used with care, or better to not be used at all!

Now, what happens if we SOLVE in non-rigorous mode? Enter
Z°+Z7- 2 =0 and solveit for Z in complex/non-rigorous mode. The
solutions {Z =1 Z =- 2} aremathematically not compatible with
|zZl=z U Zz3 0, which non-rigorous mode implies. But at least it is
consistent to the behaviour in real/non-rigorous mode. (The CAS takes
only therelation |Z| = Z into consideration, but not therelation Z 3 0.
Since no assumptions are made for Z, thisvariable is complex and so
|Z] = Z doesn't apply.) Add Z tothelist of red variables and SOLVE
Z?-2%=0.Yougetthesolutions {Z = (1+i)» 1 Z =1+i}. Asyou
can see, the assumption of the first kind was not used. ASSUME now
Z 3 0 and SOLVE Z?- 1=0. Thesolution returned is Z = 1. The

other solution, Z =- 1, isnot returned, in accordance to the
assumption of the second kind, which shows that this assumption was
used. Remove all the assumptions for Z again. Solve |Z| =1. The

1

result is Z = e” which we interpret as a complex number Z having
magnitude of 1 and lying somewhere on the unit circle. Non-rigorosity
was not used in this case, because it should imply that the solutions are
Z=1lorZ=-1,

that is complex A

numbers with
magnitude of 1 &
lying not

somewhere on, but

atheanglesO or p
on the unit circle.

Add Z tothelist of
real variables and
SOLVE |z =
again. You get the
same resullt,
Z=e™. Youaso
get this result, if
you ASSUME Z 3 0 or anything else. The use of assumptionsis
amost uselessin complex non-rigorous mode.

Now switch back to complex rigourous mode. The last option that we
examine, is the flag -128 for alowing or disalowing complex
variables. Set flag -128 to disallow complex variables and enter Z.
Use UNASSUME to remove the assumptions made for Z. Now press
ABS. The result is |Z], which is OK since we told the HP49G that all

formal variables are real. The same if you enter Z again and press

ARG. The result is 91- —TXE and this shows that the HP49G

|22 2
considered Z to be real. If you now enter Z 3 0 and then use
ASSUME, then entering Z and pressing ABS returns Z, whichis
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correct under these circumstances. (Z isrea and greater than or equa
to 0.) Entering Z and pressing ARG returns O which shows again that
the calculator took our assumptionsinto consideration. If you unassume
Z,assume Z £ 0 and find the absolute value of Z then the calculator

will return - Z. Finding the angle of Z returns then §+§zxg which

is also correct but not expanded to p . It lookslike flag -128 works
good in combination with assumptions. :-)

Clear flag -128 now, to allow complex variables again. You should
beware of the fact that in complex mode an expression like for example
a+b » without any assumptionsfor a and b, isnot equivalent to a
complex quantity with real part a and imaginary part b. Both formal
variables a and b are complex themselves! That meansthat for
example the calculator returns RE(a) - IM(b) and not a, when you

enter a+b » and press RE. Don't beirritated by the fact that entering

X +Y X and pressing RE returns X . Thisis simply because X and Y
are per default in the list REALASSUME, and so it is likely that they
are there when you work with the calculator. The default contents of
REALASSUME arethevariables X, Y, t, Sland S2.

We finish our panic run through modes by noticing that the flag -120
works like in rea mode. Now that we have al (?) possible
combinations of settings that influence the behaviour of the HP49G
regarding complex quantities, we summarise this information on the
tabletitled "What the HP49G does with complex quantities in complex
mode" on the next page. If someone discovers any specia behaviour of
the HP49G under some certain combination of settings/assumptions,
then please post it to the group, so that we all know how many more
dangers, monsters and other surpriseswait for usin the flags jungle.

In the next part of the complex marathon we'll solve complex problems
and do plots with complex quantities. Have fun, 'till the next time.

ASSUMEGREETINGS 3 MAXR)
Nick.
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What the HP49G does with complex quantities in complex mode

Without assumptions about formal variables

With assumptions about formal variables

Rigorous mode
i% on

Formial warables are in general considerad io be complex. Amy
algebralc  manlpulations  thet  include  absolute  welues are
performed In the mathematically strictly correct way, without
assuming anything about formal wanables In the most general

form &nd returning \l'lRE[E]IHM{E]] when necessany.
Solving equations returns all posalble real and complex solutions.
Wien only real varlables are sllowed (flag -128 s=et)l, then
commands llke ARG which switch to complex mode, simplify
RE(A) andior IM{A) 1o A andior 0. Whan flag -120 s clear
(gllent mode off} you ere alwaye asked bafore any mode changs g
performed.

Formal weriebles are in general consldered to be complax when no
asumpiions ere present for them. When essumptlons are
present the great chacs takes its way. Results are only in some
cazas competible to assumptons. When only real varlables ars
allowsd (flag -128 set), then commands reburn resulls that are
correct under the assumplion that ell formal verisbles are real.
Wien flag -120 I8 clear (sllent mode off) you are alweys asked
before any mode changs & parfommed.

Rigorous mode
is off

Formal wvariables are im general considersd to be complesx.
BEWARE AS IN THIS MODE ¥OU CAN GET WRONG RESULTS!
Agsumplions don't seem to ba used at all. When flag -120 ks dear
(ellent mode off} you ere alwaye asked bafore any mode change g
performed.

Formal wvarlables are In general considered to ba complesx.
Aszsumplions are in some casss taken Into conslderation. |F only
real varlables are sllowad [(flag -126 set), then commands like

ARG which switch to complex mode, simplify RE[A) andior
IM{A:I to A andior 0. When flag -120 is clear (slent mode off)
you are alweys asked before any mode change s performed.
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"Let'ssolveit...", said Trabakoulas
when he diluted sugar in coffee,
" let's enter the hall of fame!"

Y ou see, to solve and to dilute
in (old) greek language is the same.®

While we enjoy Obi Van Trabakoulas and his poetical eruptions, we are
going to use what we have found so far, to solve some problems with
the help of complex quantities. He is going to give us many ideas,
sometimes a bit twisted ideas, but nonetheless helpful. And when he
goes too far, we can aways give him another cup of coffee and a pipe
with greek tobacco, so that he keeps silent for a couple of minutes.
(Procedure also known as "greek breakfast" ;-))

We start with an easy example taken from he physics of alternating
current, dedicated to the one and only Rcobo ( and his thousands of
machines ;-)). Well see also how much graphing can be done even
with simple examples and how we can influence the details of the plots.
o let's go.

Nick doesn't like the sound coming out of the amplifier for his electric
guitar. It is full of bass (low frequencies) and somehow sounds like a
loudspeaker box without tweeter. So he decides to place a high pass
filter between the output of the amplifier and the speaker, to diminish
the amplitude of low frequencies and so make the sound better.

usiV', pronounced as sis" is the buzzword for "solution" an ilution". Do
3 ||L VI p d llLy " th b d f n l t n d Ild 1 t n D
you start brainstorming about "analysis"? Then you are right, drinking coffee with

sugar has to do with mathematics. That's why Paul Erdos said that mathematicians
are people who make theorems out of cups of coffee.

Such a filter is very easy to
construct, if someone neglects some
problems that come with it. It
consists in its simplest form of a
resistance and a capacitor T
connected in series (one after the |
other) with the outlets of the g
amplifier. The capacitor with the
capacity C will et higher frequencies pass easier than low
frequencies. Theresistor R isneeded for damping, that is to keep the
ratio of high to low frequencies in reasonable amounts, so that the
overall gainin high frequenciesis not extraordinary high compared to
low frequencies. (And it isaso needed to make the problem abit more
interesting. ;-))

—o— R ==

To Speake

U  —

First make a new directory called RCCIRCUIT. Enter RCCIRCUIT
and press CRDIR. This createsthe directory in the current directory. If
you now go to the variables menu, you'll see a new menu label
"RCCIR" with a tab over it, which indicates that this variable is a
directory. Press the soft menu key with this label, to go to the
directory RCCIRUIT. Note that the header of the display now
indicates the current path. ( The command CRDIR is in menu
PRG/MEM/DIR. You press [blue-shift] and then [CAT] to get the
menu PRG, then press [F2] to go to the menu MEM, and then you
press [F5] to go to the menu DIR. The fifth command in thismenu is
CRDIR.)

The capacitor's "resistance” Z to alow different frequenciesto passis

given by theformula: Z_ = , T being the frequency and C

2 xp ¥ xC
the capacity of the capacitor. Asl,D you can see, when the frequency is
low (bass), the resistance will be high and vice versa. At the limiting
case of f =0 theresistanceis ¥ which meansthat no DC will pass at

al. When f® ¥ (very high frequencies), then Z_ = 0 (frequencies

pass without 10ss). The resistance of the whole circuitry is given by
the sum of al resistors, since we have connected them in series:
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R +‘;
¢ 2 xp £ >C
Enter theformulaZ =R + e
[ENTER] to put it on the stack. Now press DEF ([blue-shift] and then

[2]). A new variable Z will be created, which containsR +-

X2 xp ¥>C
Noticed something? Well, normally we use DEF to define use
functions. DEF takes an equation of the form

F(arguments) = mathManipulationOfArguments, like for example
F(X) =SIN(X)?, and creates a program which looks like:

-> X
"SIN(X) "2

in the equation writer and press

<<

>>

It stores this program then in variable F in the current directory. But

when the argument for DEF is an equation of the form
F = mathManipulatior, where F issimply a name with no arguments
enclosed in parentheses, then DEF simply stores the right hand side in

the variable at the left hand side. In our case, the equation was
Z:R+_; andsoDEFstoredR+; inZ.
1 X2 xp X xC I1X2 xp X >C

Now, we know that the quantitiesR, f, and C are all red and greater
than 0. So we make assumptions for them. Enter R 3 0 and use
ASSUME, to add this assumption in REALASSUME. Do the same

AV

The amplifier delivers the voltage
V =V, >COS(2xp % %) where f isthe
frequency and t istime. (The HP49G
includes t inthelist REALASSUME
per default. If for some reason you have
deleted t from REALASSUME, then

enter t and use ADDTOREAL to put it back in thelist of
assumptions.) 'V, isthe maximum of the sinusoidal voltage. The

e \Y
current | at the outlets of the filter isgiven by: | = 7 In case of ashort
circuit at the outlets of the filter (no additional resistance), the current

i | = Vv
is: | = 1
+—
12 xp ¥>C
Putting the voltage inthisformulawe derive: | = Vo ><COS(21><p >fxt)
4+
X2 xp X>xC
Now, because the resistance is complex, we replace

V, *XCOS(2 xp ) with V, > to make our work easier. When
we derive some result we will always have to take the real part of this
result using RE, because V, >COS(2xp *xt) isthereal part of

o .

P2 X1
V0o 1 and press DEF to put the right hand sidein a

+—_—
_ 12 xp 4¥>C _
variable named I. Press the soft menu button for I, to put the quantity

VO xei>i2>p>f>(
T (current) on the stack. Because VO isonly ascaling

+ —
12 xp 4 >xC
factor we can store somereal valueinit, like1, 2.5, or any other real.
For smplicity enter 1, then enter VO and press STO. (The number
without decimal point is not areal for the HP49G, but an integer. But
for now it is better to store an integer in VO to ensure symbolic results
when we use algebraic manipulation commands.)

Enterl =

If your HP49G is in complex mode, switch to real mode. Now we
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12pX %t
must take the real part of the quantity 1 , SO press RE.
+—
X2 xp *f xC
After some seconds the HP49G returns:
-1
COS(txxp 2) W0 xR + VO >SINt ¥ xp ) x————
(t>¢xp 2) NEA o 2) e —
e -1 ¢
SQ(R) +SQ.————
Q( ) QGC xfxp R0
Press EXPAND to convert thisto:

 2XHCxpBIN2 X xHp) - 4% R>C”p” xCOS(2% % p)
42 R xC? p? +1

The simple sinusoidal voltage V, xCOS(2xp ¥ %) givesriseto this

much more complicated current, which behaves like a linear
combination of asine and acosine of 2xp X xt. We remember that any
sum of a sine and a cosine of the form a»sin(x) + b xsin(x) can be

2><atan2€y0 p

TCOLLECTEedto va® +b’ xcos(x+q) with q = 5

So now press TCOLLECT and wait for some seconds, wait a little bit
longer, wait even longer and at the end the HP49G returns:

2><f>C><p>s/4><f2>R2>C2>§02+1><

42 R?>C2 2 +1

% oe 2xfxCxp>(4>f2>RZ>c2>p +1) 60
COSg2x X3+ ATANG——— —

& §4X2 ROC? p? {4 R?5C? 3 +])m

EXPAND this huge thing to get the expression:

B xf xC xp %/ 4 %% R xC? 2 +1 % 0

(;‘ =

GcosﬁTAN & 1 o, 2><t><f>p
92><f>R><C>pf0'

452 5R%>C 2 +1

We seethat the voltage V, XCOS(2 xp % xt) givesriseto acurrent with
256 >5C xp X%/4 X2 >R? >C2 2 + 1
43¢ R*CPp?+1

. 1 .
shift ATAN 88— © We could of course store the real current
€2xf>xRxC>p 2
in 1, but we would lose the aready stored complex current. So first of
all let's rename the existing variable | to CMPLI. Enter CMPLI (the
new name first), enter 'I' in quotes and then enter RENAME. The

aready existing variable | is now renamed to CMPLI. Now enter |
again and press STO. Thereal current is stored in variable | now.

amplitude , frequency f and phase

Now, as dready said, the amplitude of the current is given by
256 >5C xp X/4 2 R? >C2 2 + 1
4 ¥ XR? xC? >p2 +1

O Because we will work with this quantities

and the phase shift is given by

ATANS——
82X R XCxp 2’

now, press the soft menu key for |, press [arrow down] to take the
current to the EQW and using the arow Kkeys select

COS@\TAN +2% % >1o . Then press CUT and

SR

[BACKSPACE] to remove this cosine. Press [ENTER] to put the

2 >C xp /4 2 R? >C2 p? + 1
45¢ R*>C?op®+1

remaining expression on the stack.

Storeitin AMPLI.
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Now, go to the EQW and press PASTE to put the expression

e?e 6+2 % >f>p; there. Then, select

COS?E?A\TAN —_—
e €2 R>Cp o

ATANS— =0 rass COPY and then [CANCEL] to return to
82X RxC p
1 s

the stack. Press PASTE and [ENTER] to put ATAN?E— on

€2 RxCxp 2
the stack. Enter g (key [ALPHA], then key [red-shift] and then key
[COS]) and press STO to store the phase shift in variable q.

Let'stake alook at the amplitude. What happens with it when we go to
very high frequencies? Y ou guess right, we are going to find a limit.
Press the soft menu key for AMPLI. Enter f =¥ and then presslim.

Then wait a couple of seconds, drink a cup of coffee, go for a walk
around the block, and when you come back the HP49G has news for
you: The limit value of the amplitude of the current for very high

frequenciesis % . Thisisthe result that the HP49G showsto you. But

it has also done some additional stuff behind your back. First of all take
alook at the header of the screen. Y ou can seethat now the variable VX
has been set to f (!). Enter the variable that was VX previoudly (itis
likely that it was X) and then type STOV X and press[ENTER] to
restore your VX. This is cumbersome but at least the HP49G shows
what it has done. But there is aso something that it didn't tell you
anything about. Go to the directory CASDIR which resides in the
HOME directory and take alook at REALASSUME. We have madethe
assumption f3 0, didn't we? But now the variable f isin thelist
REALASSUME without any assumption! The HP49G silently
removed the assumption and just put the variable finthelist
REALASSUME, presumably because the CAS works that way when
finding alimit. Thisis not bad, but leaving the changed assumption in
REALASSUME and not telling us anything about that, is not very
nice, don't you think? So enter f 3 0 and use ASSUME to restore our
assumption. Go back now to the directory RCCIRCUIT.

Now, Nick wants at a frequency of 1000 Hz the amplitude of the
current to be one half of the limit value for very high frequencies, that

. 1 . . . .
is ﬁ . We can usethis constraint to find C asafunctionof R .

Press the soft menu key for AMPLI. Press SWAP to bring the limit
value on stack level 1. Press[2] and then [. ] to get one half of that
value. Press [=] to make an equation. Now we must replace f with
1000. Enter f = 1000 and press SUBST. Now we can solve for C.
Enter C and press SOLVE. After a short time the HP49G says: "Not
reducible to a rational expression”, which makes Nick very sad. But
we don't give up! Let's go the dangerous way! Press SWAP to bring
the equation on stack level 1, and then SQ to square both sides of the
equation. (When we do such athing, we must check our solutions for
validity by back substitution.) Now, press EXPAND, SWAP to bring
C on stack level 1, and then SOLVE. The HP49G goes then ratatat-
ratatat and it returns the solutions list:

i e 1 o) 1 u
jC=-¢————x/37 C= ———x/3y
£~ " 86000 R x‘/_z [6000R »p x‘/_f;
The question that goes beyond my skills in philosophy is, why the

absolute value 6004 isn't simplified to 6000 automatically, but as

Trabakoulas says, the ways of the CAS are mystical! So press
EXPAND to expand and simplify the two solutions, so that the list
now is:

B
6000°R )

i J3 U
iC= =y
i 6000:R D

Right away we can throw away the first solution, because we already
made theassumption C3 0 andR 2 0. ( If R isgreater than O, then

the first solution - Islessthan O, which doesn't satisfy

__ V3
6000>R p
our assumption C 3 0.) So the only candidate that we must check
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J3

6000>R >

Extract the second solution by entering 2 and then pressing GET. The
command GET isin menu PRG/LIST/ELEM. It can take alist, and an
integer (or areal without fractional part), and returns the list element
whose index is equal to the integer (or real). Now press DEF to store

through back substitution is the second solution C =

invariable C. Now we must examineiif this
and then EXPAND. Because

the solution —3
6000>R

solution is OK. Press AMPLI

J3

6000>R
EXPAND uses that value whenever it encounters C in the expression

of AMPLI. The result is = f
JE +3000000R

for the Nick's frequency f= 1000, soenter f =1000 and press
SUBST. Then EXPAND and you get ZTlR,which shows that the

solution is correct. (Thanks goodness!)

isnow stored in C in the current path, the command

. We found the solution

Now, apart from the general expression for the amplitude and phase,
we have aso a specia amplitude and specia phase where

J3

~ 6000R D
variables, so that we have them handy when needed. Press AMPLI and

EXPAND to get — f
JF +30000005R

amplitude doesn't explicitly depend on C, because we already found C

as afunction of R using Nick's constraint. Enter N.AMPLI and press

STO to store this specia case. Now in the variables menu press[q] and
2@ 000x/36

then EXPAND. The result is ATANg : o the expression for

. We should store these special casesin separate

again. Asyou can seg, this

the phase when C isequa to . Storethisin variable N.q.

6000Rp

And now it's time for some plots. We want to see what the curves of
N.AMPLI and N.qg look like as functions of the frequency f. First of

n the

all press N.AMPLI to bring the expression —= 0
JF +30000005R
stack. Y ou of course have noticed that this expression also depends on
R, soif we make a2-D graph with the frequency f asindependent
variable and we don't somehow supply a value for R, the evaluation
of the function for different frequencies will not return a number, and
so nothing will be plotted. We are going to use several methods to
supply such avauefor R .

Let's start with the first method: Substitute several different values for
and create alist of functions to plot, each one having a different value

for R.Enterthelist 'R =1' 'R =2' 'R =3} and press SUBST.
Thisresultsin three distinct substitutions. The result isalist with three
f

Jf* +3000000:R
by 1, in the second R has been replaced by 2 andinthethird R has
been replaced by 3:

functions , wherein thefirst R has been replaced

i f f f Y
|
1 Jf? +30000004 /2 +3000000%2 /f +3oooooo><3?§

Now, press STEQ to store this list of functions in EQ, a system
reserved variable which contains the current function (or a list of
functions) to plot. If there is something that has a huge number of
options then this is graphing, so we are going to setup the plot first.
Press simultaneously the keys [blue-shift] and [F4] to go to the screen
PLOT SETUP. Thefirst input field islabelled "Type:". If the plot type
isn't already "Function", then press the menu key CHOOS ([F2]) and
use the arrow keysto select this plot type. Press [Arrow down] twice
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to go to the field labelled "Indep”. Type 'f' and press [ENTER]. This
makes f the independent variable. Check the options _Simult to plot the
three functions simultaneously (and not one after the other) and
_Connect to connect the plotted points (and not just plot the points
unconnected). If the menu label AXES displayswithout asmall square,
press the corresponding menu key, so that the label appears with the
small square. This indicates that the axes will also be drawn and aso
brings the additional input fields for options of the axes. Now, go to the
field "H-Tick". We want a plot from f = OHz to f = 20000Hz, so a

tick on the horizontal axis every 1000 Hz seems reasonable. Enter 1000
in this field. For vertical axis tick "V-Tick" we use a value of 0.1
because we know that the amplitude goes for high frequencies to the

value ﬁl , which for R =1 is1. Disable the option _Pixels because the

datain the fields "H-Tick" and "V-Tick" are not pixels. We don't want
an axis tick every 1000 pixels horizontally and every 0.1 pixel (!)
vertically, but every 1000 Hz and 0.1A. (We plot amplitude of current
against frequency.)

Now, press simultaneously the keys [blue-shift] and [F2] to go to the
screen PLOT WINDOW - FUNCTION. Enter for "H-View" the values
-2000 and 21000. That means that the plot window contains
horizontally coordinates from -2000 to 21000. For "H-View" enter the
values -0.2 and 1. Now, in the field "Indep Low:" enter O and in the
field "High:" enter 20000. That means that the function will be plotted
from f =0 to f = 20000. Perhaps a bit of explanation is needed here.
When you setup the values for "H-View" and "V-View" you adjust
which part of the XY -plane will be visible on the screen, like shown in
the picture to the right.

The fact that the horizontal coordinates of the viewing space goes from -
2000 to 21000 doesn't also mean that the coordinates used for the
independent variable also start at -2000 and end at 21000. One could
use for example values for the independent variable from 2000 to 18000
(likeinthe picture) or any other values. The HP49G allows the user to
specify separately viewing space and plot range. When we only setup
"H-View" and "V-View" but don't specify "Indep Low" and "High",

then the values of "H-View" are used as independent variable range.
When we do specify "Indep Low" and "High" then these are the
valuesthat are used as start and end of the independent variable range.

Now, we also want the axes to be labelled. Unfortunately the screens
for plot setup don't include this capability of the HP49G. (Oh yes, it
can do more with axes.) So the only built-in way to specify axes
labels isthe command AXES. This command changes the fifth el ement
of the reserved variable PPAR, where plot parameters are stored, and
so Bruce Willis uses it quite frequently. It can take as argument:

1) A complex number specifying the coordinates of axes
intersection. When we give AXES a complex number as
argument, then this number replaces the fifth element of PPAR.

2) A list containing any or all of the following elements:

a) A complex number that specifies the coordinates of axes

i ntersection.
b)

(21000,0.5) The

N

2000 21000

0.1

(-2000 -0.1)

2000 18000 4-6
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axes ticks parameters. This can be areal number or a binary
integer for specifying the distance of ticksin user coordinates
or in pixels. Or it can be alist with two real numbers or two
binary integers for specifying separately distance of ticks on
the x- and y-axisin user coordinates or in pixels.

c) A string to be used as label for the x-axis. If none specified
then the independent variable is used per default.

d) Another string that will be used as label for the y-axis.

When such alist is used as argument for AXES, then only the specified
parameters are replaced in PPAR.

If you followed the instructions above you must be still in the screen
PLOT WINDOW - FUNCTION. (Or your HP49G has shut off.) Exit
the screen by pressing ENTER so that the settings so far are accepted.
Now, let's make the list that we'll use as argument for AXES. We want
the labels "f/HZ" and "Ampl. I/A" for the x- and y-axis, so we enter
both strings. Then, we enter 2 and use the command ->LIST (menu
PRG/LIST) to make alist out of these parameters.

And now the time has come to plot our functions. You can press
simultaneously the keys [blue-shift] and [F2] to go to the screen PLOT
WINDOW - FUNCTION again and then press the soft menu keys
[ERASE] ([F5]) and [DRAW] ([F6]). This will ERASE previous
contents of PICT and draw the plot according to our settings. Y ou will
be transferred to the PICTURE environment, where editing of the graph
and further

exploring can be 4
done. But waitl
Where are the axis
labels? Well, the
command DRAW
from the soft of the
plot setup screens,
only draws the
functions and the
axes (if drawing
axes option was

Armip

flHz
21000

-2000

enabled.) But it doesn't draw the labels of the axes. When the drawing
is done you are presented a menu with the menu item EDIT ([F5]).
Press that menu key and then press [NXT] to go to the second page of
the menu. Now you see the label "LABEL" over [F3]. Pressthisto get
labels on the axes. Or you can use the command sequence ERASE
DRAX DRAW LABEL and then PICTURE to do the same from the
command line.

While in the PICTURE environment you can pressthe key [-] to let the
menu disappear and see the plot in al its glory. Now, should we add
annotations? We could for example add the value of R as annotation
for each one of the curves. Press CANCEL until you are on the stack
again. Enter the string "R=1" and then 1. Now press [blue-shift],
[CAT], [NXT] and then [F1] (soft menu key for GROB menu). The
first menu command is labelled "->GROB". We are going to use the
command ->GROB to convert the string "R=1" to a GRaphics OBject.
This command takes the object that will be converted to a GROB from
stack level 2, and the number O or 1 or 2 or 3 from stack level 1. This
number determines the font size that will be used, that is 1 for mini
font, 2 for medium size and 3 for big. The number O has a specia

meaning for algebraics. When an algebraic, like for example X?, is
converted to a GROB, then the numbers 1, 2 and 3 cause the GROB to
be in non-textbook form, that is X? will be converted to the GROB
X~2 . But when we supply a0, then the GROB isin textbook form,

that is X* will be converted to the GROB X*. When we use 0, then
the size of the used font is determined by flag -81. When thisflag is
set, then the resulting GROB of the algebraic will be created using

mini font, that is X* will be converted to the GROB x. When this flag
is clear, then the GROB of the algebraic object will be created using
the current font.

So, now that we have the string "R=1" and a 1 on the stack, we press
the soft key for ->GROB and the GROB r-1 isreturned to the stack.

We must put it on the graph now. So press [arrow-left] to activate the
PICTURE environment again. Press [F5] (soft key from EDIT menu),
then press [NXT] twice to go to the third page of the menu. Use the
arrow keys to take the cross hairs to the point indicated at the
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following picture.

(It doesn't have to |1.
be exactly there,
just put it under the
highest curve.)
Press [F5], the soft
key for REPL. This
replaces the current
PICT with the
GROB a stack
level 1, starting at
the coordinates of

AT n

fiHz
21000

-2000

the cross hairs. The —

pat of the PICT |1.J Ampl
that will bereplaced
starts at the
coordinates of the
cross hairs and
ends at coordinates
determined by the
size of the GROB
on stack level 1 in
pixels. We will add
the annotation

1 1 1 1 1 1 1 1
1 1T 1T 1
I
11
]

fiHz
21000

-2000

"R=2" using

commands from the stack. To do so, we need the GROB to which we
are going to add the annotation, that is the current PICT. Press STO.
When in the PICTURE environment, pressing STO copies the current
PICT to the stack. Now, move the cross hairs with the arrow keys until
it is some pixels over the second curve. Press [ENTER]. When in the
PICTURE environment pressing [ENTER] just puts the current
coordinates of the cross hairs on the stack as a complex number. (We
need thisfor our annotation.) Press CANCEL until you are on the stack
again. Now the stack contains a copy of the current PICT and a
complex number. Enter "R=2", 1 and press ->GROB. Now press
REPL. The result isa GROB that results when we replace a portion of
the GROB on stack level 3 with the GROB on stack level 1 starting at
the coordinates on stack level 2. REPL. We have seen on page 2-29 that

this command also replaces characters in strings. And it can also
replace objectsislistsand elementsin matrices. Once again we see that
many commands are thought for multiple kind of arguments. They act
according to the argument types that they are fed with. Kind of
overloading, so to speak.

The resulting GROB with the two annotations is only on the stack but
not in PICT, because we worked on a copy of the PICT on the stack
To put this GROB in the current PICT, just enter PICT (without
quotes!) and press STO. Now the PICT contains the GROB with the
two annotations.

Before we add the third annotation, let'slook at thisthingie, the PICT.
What is this? Well, PICT is a command (object type 19.) but it also
acts like avariable. A specia kind of variable, that is. You can recall
PICT, or storeaGROB in it, but it never showsin the variables menu.
Think of it like of a shortcut for "the current contents of the graphics
environment". It is not the same like a GROB on the stack. When you
useit, remember to used it without quotes.

Now, let's go on with the third annotation. First enter PICT without
quotes. Then press [arrow-left] to go to the graphics (or PICTURE)
environment. Use the arrows to position the cross hairs somewhere
under the lowest curve and press [ENTER] to put the coordinates on
the stack. Press [CANCEL] to exit the graphics environment. Enter
"R=3", then 1

and press 17
->GROB. Now, 7
pressREPL. The |
three arguments| |
disappear from| |

L Ampl Fiet

R=2

the stack, but
where is the
result? Press
[arrow-left] and
be astonished!
The third
annotation was

R=3
flHz

21000

aoo
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put in PICT. So, if you think of PICT like "the current contents of the
graphics environment" or perhaps even better as a pointer to those
contents, it is easy to understand whet happened. We gave the
command REPL the special argument PICT, which "points’ to the
contents of the graphics environment. So it replaced the appropriate
portion of those contents with the annotation GROB on stack level 1,
starting at the coordinates at stack level 2. The plot now contains three
curves and axis labels and annotations for the curves.

Press now [F3] to start tracing the plotted curves. The menu label
"TRACE" becomes now "TRAC-" to indicate that tracing is activated.
Press [F2] to see the current coordinates of the cross hairs. You can
move the cross hairs to higher or lower x-coordinates with the keys
[arrow-left] and [arrow-right]. The displayed x- an y-coordinates are
updated accordingly. If you keep the arrow keys pressed, then the cross
hairs move continuously along the first curve. You can use the keys
[arrow up] and [arrow down] to jump from one curve to the other. If
you press [blue-shift] and then [arrow-down] then the currently traced
equation is shown for about 1 second on the top of the screen.

Should we photograph this plot as evidence for the capabilities of the
HP49G? OK, press STO and then [CANCEL] to return to the stack.
The plot has been copied to stack level 1. Now you can storeit in some
variable so that you can view it again later.

When we plot such functions, like , that in addition
JF* +3000000:R
to the independent variable contain one parameter, then we can aso do
the following. Declare the parameter to another independent variable
and do a 3-D plot. We can do a 3-D plot with independent variables f
and R inthiscase. Recall the current equation on the stack and press

HEAD to get the first element of the list. Edit the expression

f

JF +30000005
when you jumped back and forth between the equations the list of
equations in EQ was rotated accordingly - and replace this n with our

(where represents one of the numbers 1,2 or 3 -

parameter R, so that the expression becomes again

JP 30:)0000>R . Now press STEQ to store thisin EQ. There are
+

severa types of 3-D plots built-in. FAST-3D is presumably the most
widely known. But we are going to use the plot type WIREFRAME
first, so that this plot type doesn't get unemployed.

Press [blue-shift] and [F4] ssimultaneously to get the PLOT SETUP
screen. Choose WIREFRAME plot type, f for independent and R for
dependent variable. Don't worry about R being called "dependent”.
For 3-D plots this input field just means the second independent
variable. Press now [blue-shift] and [F2] simultaneously to get the
PLOT SETUP - WIREFRAME screen. The input fields X-Left, X-
Right, Y-Near, Y-Far, Z-Low and Z-High determine the view volume,
as shown on the picture on the next page. Enter for X-Left, 20000 for
X-Right, 1 for Y-Near, 5 for Y-Far, -0.2 for Z-Low and 1 for Z-
High. The

inputs for X- A
Left and X-
Right are also
used as range Z-High
of the variable

f. Theinputs \
for  Y-Near .
and Y-Far are
aso used as
range for
variable R.
Z-Low and Z-
H i g h
determine the
he|ght of the %-Lefi
viewing Ty
space.

L-Frile

¥-Far

A-Hs

A-Fhgnt

Now it is -Axs

time to setup Toiear

Lo
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& The current magnitude goes from 0 to 1

ir this direction
H=1
lII R=2
)

L] faes

(! A

— A

f goes from 0 to 20000 in this direction

R =1, R=2 andR = 3 are annotated accordingly.
Think of the curve with R =1 asbeing nearer to you,

R =2 abit further away from you, R = 3 even further
away and so on. We can of course try to put some
annotations, but this can get harder than for simple
function plots. We can of course make the GROB R =1,
then go to the PICTURE environment, move the cross
hairs at the appropriate position and press REPL. But if
we use the command REPL programmatically, then we
can't just use the coordinates, say X =20000and Y =1.
Y ou see, the HP49G has two separate reserved variables
for 2D- and 3D-plots. The reserved variable for 2D-plots
is the well known PPAR. The reserved variable for 3D-
plots is the not so well known VPAR. When the HP49G
R goes from 110 5 draws a wire frame plot it uses VPAR (and some

in this direction Viewing velume is

behind the sereen

the parameters XE, YE and ZE, which are the coordinates of
the point in space where the observer of the plot (you) sits
and looks at the plot. Enter 10000 for XE, -10 for YE and O
for ZE. Onerestriction for YE isthat you can't enter a number
that is greater than Y -Near, that isyou can't sit in the viewing
gpace or behind it. The input fields " Step Indep™ and "Depnd”
are the number of stepsin X- and Y -direction. We want in X-
direction a plot point every 1000 Hz, so enter 21 for "Step
Indep”. Similarly enter 5 for "Depnd" so that we have one
plot point every 1 Ohm. Press [F5] (ERASE) and [F6]
(DRAW). The HP49G starts with big Y -coordinates, that is it
first plots the function for R =5 and f =0 to f = 20000.
Then it draws the functionforR = 4 and f = 0 to f = 20000,
and so on, until the Ist curve for R=1andf=0 to

f =20000. When ready the plot reminds us of our first plot.
But you see the limitations. There are no axes, no labels,
nothing that helps you to understand what is front and what is
back. So | put some additional things on the picture above, to
make clear what this thing represents. The curves of constant

Sereen of the HP49G

Axes are on
the screan

You are

the screen looking
through the screen
to the view volume
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parameters in PPAR). But when it executes such commands like REPL
then it finds the location the replacement by using PPAR. So you could
think that placing the same values for view volumes in VPAR and
PPAR would do the trick, but there are more difficulties. The values of
the view range of the Y -coordinate in PPAR are meant from the bottom
to the top of the screen, while in VPAR are meant from nearer to the
observer to the virtua depth behind the screen. The values for the Z
view volumein VPAR are meant (almost) from the bottom to the top of
the screen, so they correspond physically (that is for the screen) to the
Y view volume of PPAR. The plotting of a 3D-surface on a 2D-medium
like a screen is dways made by means of some type of projection, that
isto find a point with given coordinates X, Y and Z on the 2D-medium
we must calculate the projection of its real coordinates on the two
dimensional coordinates system of the medium. We can of course set
the X view volume of PPAR from O to 20000 and the Y view volume
of PPAR from -0.2 to 1 (so that it is identical with the Z range of
VPAR). Then we can use DRAX to draw axes, so that we at least have
the X- and the Z-axis. But, big but, very big but: The axes that we draw
are meant asif they were on the screen, while the surface is behind the
screen. Because the perspectivistic shift of the axes and the plot are not
the same, the position of the axes will not be correct as axes of the 3D-
plot.

While we are talking about view volumes for 2D- and 3D-plots, the
explanation of the contents of PPAR and VPAR and how they are used
for the plot types that we talked about so far, becomes more and more
important. So let us examine these reserved variables and the
commandsthat can be used to programmatically setup the parametersin
these variables.

Let's start with PPAR and how its contents are used with the
FUNCTION type plot. PPAR isalist with 7 items:

{(Xmin’ymin) (Xmax1yax) indep res axes ptype depnd}

For the plot type FUNCTION these elements have the following
meaning:

(Xmin’ymin)

(Xmax ! an )

indep

A complex number which specifies the lower left
corner of the display range. Default value is
(- 6.5, - 3.1). The programmable command for setting

this parameter is PMIN. This command takes a

complex number from the stack and puts it in the first
position of PPAR.

As you might have imagine, a complex number which
specifies the upper right corner of the display range.
Default value is (6.5,3.1). The programmable

command for setting this parameter is PMAX. This

command takes a complex number from the stack and
putsit in the second position of PPAR.

There are two additional commands for setting up the
display range. The first is XRNG. It takes two real
numbers from the stack (the minimum and maximum
of the view range of the X-axis) and sets up the

pararnetersxmin Of (Xmin’ymin) and Xmax Of (Xmax'yax)'

The other is YRNG and as you can think it does the
samefor the Y -axis.

This element can be either a name specifying the
independent variable of the expression that we want to
plot. Or, as we aready have seen in our function plot
with annotations, it can be a list which contains the
name of the independent variable and the minimum and
maximum of the plotting range. This allows to have
different values for the viewing and plotting range.
Default for this parameter is X.

There are two programmable commands that can be
used for setting this parameter. We have the command
INDEP, which can take as arguments:

The name of the independent variable. If a name is
4-11
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res

axes

given to INDEP then this name replaces the third
element of PPAR, that isif you aready have specified a
plotting range, then this will be lost and the viewing

range from the parameters (x,,.,Y,) and (X....V..)
will be used.

A list which contains the name of the independent
variable. In this case the independent variableis replaced
but an existing plotting range will not be touched.

A list with the name of the independent variable, ared
number that specifies the minimum of the plotting range
and a real number that specifies the maximum of the
plotting range.

A list with two numbers specifying the minimum and
maximum of the plotting range. The independent
variable remains untouched.

Or lastly two real numbers that specify the minimum and
the maximum of the plotting range. The independent
variable remains untouched.

A real number that specifies the resolution of the plot in
user coordinates or a binary integer that specifies the
resolution in pixels. Default value is 0, which on the
HP49G means a plot point every two pixels. The
command that sets this parameter is RES and it can take
either a rea or a binary integer as argument. If the
argument is a real number r, then the HP49G plots a
plot point every r unitsof horizontal coordinate the
plot. If it isabinary integer n, then it plots a plot point
every n pixelsof horizontal direction the plot.

This element is either a complex number specifying the
coordinates of intersection of the axes. Or alist that has
one or more of the following elements in order. A
complex number specifying the coordinates of

ptype

depnd

intersection of the axes, a list that specifies the tick
marks of the axes and two strings that are used as
labels for the X- and the Y-axes. Commands for this
parameter are;

AXES, which takes as arguments a complex number
representing the coordinates of axes intersection, or a
list that has the parameters listed above.

ATICK, which sets up the distance between tick marks
on the axes. This command takes as arguments either a
real number that specifies the distance between tick
marks in user units for both axes, or alist with two real
numbers that specify this distance separately for the X-
and Y-axis, or a binary integer that specifies the
distance between tick marks in pixels for both axes, or
alist with two binary integers that specify this distance
separately for the X- and Y -axis.

One of the plot types available on the HP49G out of the
box. These ae: BAR, CONIC, DIFFEQ,
FUNCTION, GRIDMAP, HISTOGRAM,
PARAMETRIC, PARSURFACE, PCONTOUR,
POLAR, SCATTER, SLOPEFIELD, TRUTH,
WIREFRAME, YSLICE and FAST-3D. The
commands for setting the appropriate plot type are the
same like the parameters above, that is, if you want to
set up the plot type function from a program, you just
enter the command FUNCTION.

A name that specifies the dependent variable. The
command is DEPND and its arguments are the same as
the arguments for INDEP. Note that a plot range for
the independent variable is only used for the plot type
TRUTH but isignored otherwise. Defaultis Y .

Let's now move on to VPAR. Thisis the reserved variable where the
parameters for 3D-plots are stored. (Well, not only 3D but any other
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plots that have two independent variables.) Its contents is alist of the
form:

yFar

yEye z Eye XStep

I,XLeft XRight yNear ZLow ZHigh Xmin X ymin ymaxi;]

|
I X

max

Eye y Step

For the plot type WIREFRAME these elements have the following
meaning:

Xier aNd X Real numbersthat specify the start and the end of the

view space in X direction, that is the width of the

view space. Corresponding command is XVOL
which takes two real numbers as arguments.

Real numbersthat specify the start and the end of the
view space in Y direction, that is the depth of the
view space. Corresponding command is YVOL
which takes two real numbers as arguments.

yNear and yFar :

Real numbersthat specify the start and the end of the

view space in Z direction, that is the height of the
view space. Corresponding command is ZVOL
which takes two real numbers as arguments.

ZLow and ZHigh:

Xmin @Nd X .0 These parameters are (unfortunately) not used by the
plot type WIREFRAME. Corresponding command
IS XXRNG.

Yon @dy, ... These parameters are (also unfortunately) not used

by the plot type WIREFRAME. Corresponding
command isYYRNG.

Because the last four parameters are not used by the plot type
WIREFRAME, it is not possible to set up a different view and plot
range.

Real numbers which represent the point in
space from which the plot is viewed.

Corresponding command is EYEPT which
takes three real numbers as arguments.

XEye’ yEye and ZEye:

X Rea numbers that specify the number of plot

points in X and in Y direction. The two
commands for these parameters are NUMX and
NUMY which take areal number as argument.

Step and yStep:

The plot type wire frame also uses some parameters of the variable
PPAR. These are, the parameter indep which specifies the name of
thefirst independent variable (X variable), depnd which specifies the

name of the second independent variable (Y variable) and PTYPE
which for this plot typeis WIREFRAME.

Now that we know what the parameters VPAR and PPAR are and
how they are used for the plot type WIREFRAME, we can make an
animation that shows how the looking of our plot changes, when
move, that is when the parameters X, Yg, and zg, change. For

examplelet asmovefrom xg,, =10000 to X, =- 10000 in steps of

2000 and keep on looking at the plot. We make a small program that
draws a frame of the animation for each value of x_. . andthen

animates the frames.

Eye

<<
"f/ (& fA2+300000) *R) "
*f' INDEP 'R DEPND

STEQ @@tore equation
@etup 1st. and 2nd.
@ ndependent vari abl es.

W REFRAME @etup plot type
0. 20000. XvOL @etup view range
1. 5. YO

-0.2 1 zvOL

10000. -10000.

FOR | @tart |oop
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I -10. 0. EYEPT @etup eye point
ERASE DRAW @raw function
PI CT RCL @opy picture to stack
- 2000
STEP @lecrenent | by 2000

>>

Let the program run and sing along "movie star" while the frames are
made. When tired of singing, drink a cup of coffee while you look
excited how the HP49G goes to Hollywood. Hey! we are making a
movie. And like any good movie, our movie just takes time to be
made.;-) About 15 minutes. When the program finishes then you have
11 GROBs on the stack, each one is a frame of the animation. Now
enter 11 and then press ANIMATE. (Press [blue-shift], [CAT], [NXT],
soft key [GROB], [NXT] and the soft key [ANIMA].) Enjoy your
travel looking at the 3D- surface. When you're tired press [CANCEL].
The animation stops but the GROBs and the number 11 are left on the
stack. (We wouldn't like to start making the movie again;-)) The
command ANIMATE can take as argument either a number specifying
the number of frames to be animated, or a list with the following
elements. The number od frames, alist containing two binary integers
that specify the pixel coordinates of the screen where you want to
animate the GROBSs, anumber specifying the delay between each frame
in seconds and a number that specifies how many times the animation
should run. If this last number is 0., then the animation is played one
million times or until you press[CANCEL]. To have an example of the
second type of argument, drop the number 11 from the stack and enter

thelist {11 {#20d #20d} .1 5}.PressANIMATE and look how

the animation area starts at coordinates #20d (20 pixels from the left
edge of the screen) and #20d (20 pixels from the top edge of the
screen). This can be very useful when you have GROBSs that are
smaller than #131 pixels wide and #64 pixels high (the size of the
screen) and you want to animate them on a specific area of the screen,
while leaving some other part of the screen contents (stack or PICT)
visible.

Because the plot type FAST-3D isthe "modern” variant of a3D plot on
the HP49G, let's give it a try with the same function. Press

X

simultaneously [blue-shift] and [F4] to go to the PLOT SETUP
screen, and choose FAST-3D plot type. Now press simultaneously
[blue-shift] and [F2] to go to the PLOT WINDOW - FAST3D screen.
The viewing parameters are set from the last plot, so press the soft key
DRAW. A nice processing bar appears, which shows how much of
the plot has been calculated. This plot is made much faster than the
WIREFRAME plot. When the HP49G finishes calculating, it displays
the graph, along with a cartesian coordinates system at the lower |eft
corner of the screen to help you alittle bit understanding what is front
and what is back. So you can see that the values for the x coordinate
(frequency f) grow in the direction somewhere in the middle to lower
left. The values for the y coordinate (resistance R) grow in the
direction somewhere in the middle to lower right. And the values for
the z coordinate (amplitude of current) grow in the direction
somewhere in the middle to the top of the screen. This kind of plot
allows rotating using the arrow keys and zooming in and out using [+]
and [-]. Let's rotate the plot so that it has approximately the same
orientation
in  space
like  the
previously
made
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WIREFRAME. Hold the key [arrow-right] pressto rotate the plot along
the perpendicular axis of the viewing space. This axis of therotation is
not the Z axis of the plot, though for certain orientations of the plot it

cC a n
coincide / } I
with it o | il
Now keep = i o - |” |I|." ]
the  key

[arrow up] -
pressed to
rotate
again. The
plot has now (almost) the same orientation as the previously made
WIREFRAME. Y ou can trace also thiskind of plot. Press the menu key

TRACE. Thecross-hairs cursor appearsat f =0, R=1, Z =0 and the

T

coordinates are
shown at the top left
corner of the screen.
Pressing [arrow-
down] moves the
cross hairs to higher
frequencies and I|I

\

;

L£=0, -
=0
I

pressing [arrow-up]
to lower frequencies.
(Quite the opposite of |£
what you might |~r_
expect but anyway, A

F—t—_]

T T T T 1

expectations are not always the right method working with the HP49G
:-)). Pressing [arrow right] moves the cross hairs to higher values of R,
while pressing [arrow left] moves it to lower values. In this tracing
mode zooming in and out using the keys[+] and [-] is still possible, so
as Cow Dundee Trabakoulas says, use it mate!

If you exit this plot by pressing [CANCEL] or the menu key [EXIT]
you are transferred to the PICTURE environment and the plot can be
edited. You can press the menu key [EDIT] and start adding
annotations, replacing parts of the plot and so on. If you press
[CANCEL] again, then you are transferred back to the PLOT

WINDOW - FAST3D screen. Note also that when a FAST3D plot is
made, it simply overwrites any previously made plots. So if you want
to overlay several plots, then you must press STO while you arein the
PICTURE environment. (Not the environment where the plot is
mitially shown!!!) Or do PICT RCL from the command line after the
plot has been done. Then you can use the command REPL to overlay
this GROB with other GROBs.

Though thiskind of plot is much faster than WIREFRAME it also has
its limitations. The eye point parameters are not used at all, so you
can't view the plot from different points in space. This is not so bad
because you can imitate the view from different points by rotating. But
you can't imitate the looking of the plot while "flying by", you can
only rotate it. Talking about limitations, here comesthe one | consider
worst. There is no way to programmatically make an animation of a
rotational movement of the plot. You may alter the parameters in
VPAR asyou like, but when you issue the command DRAW, the plot
is dways drawn in the same orientation. Rotational movements of
FAST3D plots are only for interactive use.

So WIREFRAME can be viewed on fly by, while the FAST3D plot
can be viewed "flying around it". The question is why both things
were not combined in a single more powerful type of plot. Questions,
guestions and no answers ;-)

We continue with another plot type that can be used for expressions
that depend on two variables, the plot type Y-SLICE. Thisiskind of a
mixture of a 3D and 2D plot. It works by plotting the curves of athree
dimensional surfacethat have
constant values of the second »
mdependent variable. It
"cuts" slices perpendicular to
the Y-axis, thus the name Y -
SLICE. The plot starts
drawing with the curves of
higher Y values and goes on
drawing curves with lower Y
values. X
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Let's plot our function with a plot type Y-SLICE. Go to the PLOT
SETUP screen and choose a plot type Y-SLICE. In this screen check
the option _Save Animation so that al GROBs with the curves are
saved after the animation has finished. Now, go to the PLOT
WINDOW - Y_SLICE screen and set the values for X-Left: 0. , for X-
Right: 20000, for Y-Near: 1, for Y-Far: 5, for Z-Low: -0.2 and for Z-
High: 1. Also, enter for Step Indep 21 (one plot point every 1000 Hz)
and for Depnd: 5. (one curve) every 1 Ohm. Press the menu keys
[ERASE] and [DRAW]. Five curves are drawn and then animated. If
you press [CANCEL] while the animation runs, then the currently
shown frame remains on the screen and you can trace it by pressing the
menu key [TRACE]. Use they keys [arrow left] and [arrow right] to
move along the curve. Y ou can aso have the current coordinates of the
cross hairs by pressing the menu key [(X,Y)]. If you want to show the
menu again you can press again [F2]. Press [F3] to leave trace mode.
Whilein trace mode you can use the keys [arrow down] and [arrow up]
to jump to curves with lower or higher values of the Y coordinate (R in
this case). The cross hairs jJumps to the point of the next curve that has
the same X coordinate (in our case the same frequency), but
unfortunately the curve itself is not shown. :-( If you now exit the
plotting environment you'll have to answer the question, "I did check
the option _Save Animation. Why weren't the frames of the animation
saved somewhere?' Well, that's a good one. For which my logic isn't
sufficient to provide an answer. Another good question is why the
parameter for Step Indep: is no more 21 when we exit the plot
environment, but is set to 20 instead.

How are the parameters of VPAR and PPAR used for this plot type? In
VPAR we have:

yFar

yEye z Eye XStep

I,XLeft XRight yNear ZLow ZHigh Xmin X ymin ymaxi;]

|
I X

max

Eye y Step

Xier aNd X Real numbersthat specify the start and the end of the

view space in X direction, that is the width of the
view space. Corresponding command is XVOL
which takes two real numbers as arguments.

Real numbers that specify the start and the end of
the view space in Y direction, that is the depth of
the view space. Corresponding command is YVOL
which takes two real numbers as arguments.

yNear and yFar :

Z,, adz,,: Rea numbers that specify the start and the end of
the view space in Z direction, that is the height of
the view space. Corresponding command is ZVOL

which takes two real numbers as arguments.

Xmin @Nd X .0 These parameters are (unfortunately) not used by
the plot type Y-SLICE. Corresponding command is
XXRNG.

Yo, @ndy, ... These parameters are (also unfortunately) not used

by the plot type Y-SLICE. Corresponding
command is YYRNG.

Because the last four parameters are not used by the plot type Y-
SLICE, itisnot possible to set up adifferent view and plot range.

Xeyer Yeye aNd Zg. 0 Not used with Y-SLICE.

X Rea numbers that specify the number of plot

points in X and in Y direction. The two
commands for these parameters are NUMX and
NUMY which take areal number as argument.

Step and yStep:

Let's test the what happens with the parameter Step Indep and the
frames of the animation if we do all from the command line. Enter 21,
use NUMX and then ERASE and DRAW. When the animation is
displayed press[CANCEL] to stop it and return to the stack. Ahal We
have the number of the frames (5.) in stack level 1 and the frames on
stack levels 2 to 6. That means we can save the frames for later use by
doing the plot from the command line. Now, recall VPAR and check
the second last parameter. It still is 21, while using the PLOT
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WINDOW - Y-SLICE screen it was changed to 20. So the graphical
interface plays games with us, allowing us to check the option _Save
Animation and then not saving the frames, and also alowing usto enter
21 for the parameter Step Indep and then setting it back to 20 behind
our backs. My Jedi Lords and Knights, | may mention that this
behaviour is not the expected behaviour, but as already said at least
19265 times, working with the HP49G often means to forget your
expectations. Let'stake alook at the parameters of PPAR when the plot
typeisY-SLICE. PPAR is:

{(Xmin’ymin) (Xmax1yax) indep res axes ptype depnd}
Of these parameters Y-SLICE only uses:

indep A name specifying the independent variable of the expression
that we want to plot. Default for this parameter is X. The
command INDEP can be used for setting this parameter.

res A real number or abinary integer that specifies the resolution
of the plot in user coordinates or in pixels. Default is 0,
which means a plot point every two pixels. The command
that setsthisparameter isRES and it can take either areal or a

binary integer as argument.

One of the plot types available on the HP49G out of the box.
These aree BAR, CONIC, DIFFEQ, FUNCTION,
GRIDMAP, HISTOGRAM, PARAMETRIC,
PARSURFACE, PCONTOUR, POLAR, SCATTER,
SLOPEFIELD, TRUTH, WIREFRAME, YSLICE and
FAST-3D. The commands for setting the appropriate plot
type are the same like the parameters above, that is, if you
want to set up the plot type function from a program, you just
enter the command Y SLICE.

A name that specifies the second independent variable.

Default is Y . The command for this parameter is DEPND.

ptype

depnd

What about axes? Well, we can draw them correctly using the

parameters in PPAR. We must set up the parameters (X,;,Y,,) ad

(Xax: Ymax ) 10 be Exectly the same like X o, Zioy s Xgigne @ Zg, OF

the variable VPAR. Enter 0 and 20000 and issue the command
XRNG, then enter -0.2 and 1 and issue the command YRNG. Now, if
we ERASE DRAX and DRAW again, the axes will be drawn but
before drawing the first frame they will be erased again. If we
ERASE, first DRAW and then DRAX, the axes will be drawn after all
dlices are drawn, so the axes will be drawn only on the slice shown
when we press CANCEL during the animation. And in addition to
this, it isnot the slice with the axes that isreturned to the stack but the
slice before the axes were drawn. That means. The HP49G draws all
dices and starts animating. Then you press [CANCEL] and the
HP49G stops the animation and immediately returns all the frames of
the animation to the stack. Then it draws the axes but now it istoo late,
because the frames that we need are already on the stack. Well, how
can we then get the axes on al frames? We use the simple plot type
FUNCTION. We can make alittle program that draws one curve after
the other with axes and anything else that we want and returns each
drawn plot to the stack:

<<

"f/(+(f~2+300000)*R)' STEQ @@tore equation

"f' | NDEP @et up i ndependent var.

FUNCTI ON @etup plot type

0. 20000. XRNG @etup view range

-0.2 1. YRNG

{ 1000. 0.2} ATICK @etup axes ticks

0. RES @etup resol ution

5. 1.

FOR | @tart |oop
| "R STO @tore value in R
ERASE DRAX DRAW @raw function and axes
PI CT RCL @opy picture to stack

-1

TEP @ecrenment | by 1

>>
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When the program finishes running you have 5 GROBs on the stack. If
you enter 5. and press ANIMATE, then the same animation like the
animation of Y-SLICE will be shown, but this time with axes.
Sometimes the solution is achieved by following the non-standard way.

Until now we have plotted the amplitude of the current as a function of
the frequency and the resistance, so it is time to plot the phase of the
amplitude which is stored in variable N.q. Go to the PLOT SETUP
screen and choose plot type FUNCTION. In the input field EQ: enter
'N.g" with quotes. (Y es, we can also store names that contain
expressions in EQ.) Enter 1000. for H-Tick. The phase goes from 0 to

g , or from O to 90 degrees. Wewant atick onthe Y axis every 10

degrees but if we are at RAD mode how can we enter 10 degrees easily
without changing mode? Well, go to theinput field V-Tick, type 10 and
then press [blue shift], [SYMB], menu key [REAL], [NXT], [NXT]
and then menu key [D->R] (degrees to radians). Now the command line
contains 10 D->R. Press [ENTER]. The whole command line is
evaluated and the resulting number 0.174... is put in the input field V-
Tick. Lastly, uncheck the option _Pixels.

Now, go to the PLOT WINDOW - FUNCTION screen and set H-View
from 0 to 20000, V-View from -0.2 to 1.57 (you can type 2/ and then

P

press ->NUM to enter the approximate number for 5" the symbolic

itself won't work as the plotters need numeric parameters for the
viewing volume) . Press[ERASE] and [DRAW] to plot. Here you have
the plot of phase against frequency.

But wait! Until now we have plotted the current amplitude (in a dozen
of ways) and the phase alone. Could we somehow combine the two
curves in one single plot, so that we can see both dependencies on
frequency at once? Y ou guessit right, we can. And we can do it with so
many methods that is really becomes difficult to choose.

The easiest method that we can use is to put the two expressions for
current amplitude and phase in alist and store thislist in EQ. Go to the

variables menu, press N.J and N.AMPLI and then enter 2 and use the
command ->LIST. Now press STEQ. And now the settings. First we
setup the axes from the stack because the setup screens don't contain
al possible settings. Enter the list

{(0.,0.) {1000. .2} "f/Hz" "} andthen enter AXES. We have

set axesintersection at the point (0.,0.) x-axisticks every 1000 Hz, y-

axis ticks every 0.2 units, x-axis label to "f/HZz" and no label (empty
string) for the y-axis. We don't use a label for the y-axis because the
one function is current amplitude and the other is phase. Enter "Y" and
press DEPND to set Y as the dependent variable, because at the
previously made plots it has been set to R. Because the label for the y-
axis has been set to an empty string, the name of the dependent
variable, that is Y, will be used as y-axis label. Go to the PLOT
SETUP screen and check that the parameters are: f for INDEP, 1000
for H-TICK, 0.2 for V-Tick. Now go to the PLOT WINDOW -
FUNCTION and check that H-View goes from -4000 to 22000, V-
View from -.5 to 1.57 (approximately ), Indep Low is 0 and High is
20000. Press the
menu keys [ERASE]
[DRAW]. When the
plot is done press the
menu key [EDIT],
then the key [NXT]
and then the menu
key [LABEL] to plot
the axes labels. Now * 45y
the plot looks quite 5T
nice. Press [NXT] '
and then the menu key [PICT] to go back to the graphing environment.
You can [TRACE] both curves and also show the coordinates under
the cross hairs with [(X,Y)]. Using the two keys [arrow left] and
[arrow right] you move alone one curve. To jump to the other curve
you can use the keys [arrow up] and [arrow down].

But perhaps you already have noticed that this method can also have
some problems. If you remember the last program, then you know that
it left a1 stored in R when it run. The expression for the amplitude

157 4 ¥

fiHz
22000

H-
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f

Jf* +3000000:R
other values stored in R the simultaneous plot will bring problems. For
example store 10 in R and ERASE DRAX LABEL and DRAW. Now
the plot looks not so nice. The amplitude of the current has became too
low to be displayed
nicely in the same plot 1.57 |
as the phase. But here -
come the commands -
AXES to save us from i

containsalso the variable R: . Now you see that for

the misery. We can
plot the amplitude with fIH=
axes and labels with a HA—+F—F++ -+
V-View that lets the -t000 22000
curve be drawn nicely,  -5T

and then move the

vertical axes to the right, set the appropriate V-View for the phase and
draw again without erasing the first plot. Thiswill create a plot with
two vertical axes, one for the amplitude and one for the phase. We only
must be careful to set the two different V-Views so that the ratio of the
maximum to the minimum vertical view value is the same for both V-
Views, or else the x-axes will not be drawn at the same place for both
plots. Sounds much more complicated than it really is. Let's do that
thoroughly and step for step from the command line. (Can you find
which of the following things can be accomplished in some setup
screen and which of them can't?)

1) Go to the variables menu and press N.AMPLI. Press STEQ to
store the expression for the amplitude in EQ.

2) Use the command FUNCTION to set plot type FUNCTION.

3)  Enterthelist{f 0. 20000.} and pressINDEPto et f asthe
independent variable and plot range from 0 to 20000.

4) Enter -4000. and 23000. and use the command XRNG to set the
H-View.

5)

6)

7)

8)

9)

10)

11)
12)

Enter -0.04 and 0.1. and use the command Y RNG to set the V-
View. Theratio of the maximum to the minimum values of the
vertical view is 10 to -4. We keep that in mind for the next
plot.

Enter the list {(OO) {1000. .01 "f/Hz" "I/A"} and
use AXES to setup the axes.

Use the command sequence ERASE DRAX LABEL DRAW to
draw the plot with axes and labels.

Go to the variables menu and press N.g. Press STEQ to store
the expression for the phasein EQ.

Enter p, then 2 and press[/] and [->NUM]. Press[ENTER]

to make a copy of the number. Multiply by 4 and divide by 10,
then negate. Press 2 and then use RND to round the number at
2 decimal places. Press [arrow right] to swap the two numbers
and then enter 2 and RND again. The two numbers -0.63 and
1.57 will be used asthe V-View and have the sameratio as the
values for the previous plot. That's why we multiplied by 4 and
divided by 10. We also rounded the up in order to have nice
short labels of the axis minimum and maximum values when
they are labelled later. Now press YRNG.

Enter  {(20000.,0.) {1000. .178 *"f/Hz" "q/rad},
and use the command AXES This will set the point where the
axes cross in the new plot to (20000.,0.), the ticks to { 1000.
0.175}, and "f /HZz" and "q/rad" aslabelsfor the axes.

Now DRAX LABEL and DRAW.

Press the key [arrow left] to look at the new plot. The left
vertical axis is for the amplitude. It goes from -0.04 to 1 and
has atick every 0.01 amperes. Theright vertical axisisfor the
phase. It goes from -0.63 to 1.57 and has a tick every 0.175
units, that is approximately every 10 degrees.

4-19



Complex numbers with the HP49G - Part 4

1

Now you know
enough to make
even boxed plots.
But as aways we
aso have a
problem. We can
only TRACE the

It 1.57 ] Bf rad

H+ .
4000 agngn st function that we
04T g3l plotted, in this case

04 ' the phase.

Another way to put severa curves on the same picture is to plot them
stacked, that is one above the other. We can adjust the V-View so that
the curve itself doesn't extend from the bottom to the top of the screen,
but only over apart of it vertically. We then plot one expression and cut
the part of the PICT that contains the curve. Then we do the same with
the second curve and we "join" the two resulting plots. We are going to
do that also step for step, and by the way learn some new commands
for GROBs.

1)

2)

3)
4)

First of al, press N.AMPLI and then STEQ to store the
expression for the amplitude in EQ.

We set the axes now. Enter {(0.,0.) "f/Hz" "I/ A"} and

press AXES. As you see we don't set ticks for the axes yet.
This is because we must first calculate what the V-View must
be, in order to have the curve for the amplitude occupying, say
only athird of the screen vertically. So we don't know yet what
areasonabl e distance between the ticks for the y-axis could be.

Enter -4000. and then 23000. Press XRNG.

Type AUTO and press [ENTER]. The command AUTO
autoscales the plot, that is it set the V-View so that the whole
curve is visible and that the curve extends vertically from the
bottom to the top of the screen. Doing this alows to know what
V-View is necessary for having no points of the curve lying off
screen verticaly. If we know that we can also calculate what V-

4)

5)

6)

7)

8)

View is necessary to "squeeze" the curve vertically to acertain
part of the screen.

PURGE variable f.You may have noticed that after AUTO
finishes you have a new variable in the current directory. The
command AUTO uses the independent variable. It stores there
40 equidistant values taken from the plot range and it evaluates
the expression in EQ with these values, in order to find the
appropriate  V-View. Since we could forget that our
independent variable contains some number, we PURGE it to
avoid unexpected results later. Actually | think that this should
be done by AUTO automatically (or else what AUTO isthat?)
because we so far didn't explicitly store any valuein .

Recall PPAR. Enter 1 and 2 and then use the command SUB to
get alist containing the first and the second element of PPAR.
We need these parameters to calculate the new V-View.

Press OBJ-> to explode the list and DROP the element count.
Press [DUP2] to make a copy of the two complex numbers.

Press IM to get the imaginary part of the complex number at
stack level 1. This number represents the coordinates of the
upper right corner of the plot, so the imaginary part is the high
value of V-View. Round it to 2 decimal places. Press [SWAP]
and do the same to the second complex number. Now you can
see that the vertical view goes from -0.01 to 0.1.

Press [DUP2] again to copy the
two numbers. Press [-]. The result
0.11 is the length of the vertical .
view range. Multiply it by 3. Now 0.1
we know that we have to choose a

V-View length of 0.33 in order to y=-0.01
squeeze the curve vertically so that

it occupies one third of the screen. But we don't know what the
low and the high values of V-View must be. We only know
that their difference must be 0.33. It is clear that we must
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decide what one of both values should be. If we decide this, we
can calculate the second. For this decision we consider that we

y=0.1 §| y=" §‘
011 i /f_“& 0.33
y=-0.01 J y=" J

are later going to cut the part of the screen to which the curve
extends vertically when plotted. When we do so we eventually
lose both labels of the vertical axis. So it seems better to let one
of both values
be the same and
modify the
other. For

Y
example, if we T
leave the higher |
vaue of the |
vertical view at - !
0.1 and H+H++HHHHHHHHT
calculate a new 4000 | 23
lower vaue, lowT
then the plotted
curve will
extend from the l
top of the

laking thig part we loge the labels

high |

= 4

laking thes part we loge only the lower labeal

screen to some [ ANG Y
place at about
one third of the

screen  height

FHZ
||||||| 1 1

starting  from

i
=
=+
= 4

the top. Then 23000

we can cut the
part that
contains  the
curve so that

[0

)

10)

11)

12)

13)

we only lose the label for the lower vaue of the V-View.

Let's follow this idea. Press [DUP] to make a copy of the new
length. We know that the overal length of the vertical view
range will be 0.33. Now we can decide what the distance of the
ticks should be. Let's say, we want ten ticks on the vertical
axis. So we divide by 10. The distance of the ticks for the
vertical axis will be 0.033. Let the distance of the ticks on the

horizontal axis be 2000. Enter {2000.}, press [SWAP] and
then [+]. The command + besides adding other things also adds

new elements to lists or lists to lists. Now use ATICK to
specify the distance of tick labels.

Stack level three contains the higher value of the V-View. If we
subtract it from 0.33 we get the absolute value of the new
lower value. (Think why it is the absolute value.) Press PICK3
to get a copy of the object on stack level 3 to stack level 1.
Press [-]. The absolute value of new lower value is 0.23.
Now, we know that the old lower value was -0.01, so the new
must also be negative. Working this way we can see that the
value must be negative but what if we want to make a program?
Well, then we can add an IF THEN ELSE END clause, and
check if the old lower value is lower than 0. or not. But for
now press [NEG]. The new lower value of V-View must be -
0.23. Press[NIP] to drop the object at stack level 2 aswe don't
need it anymore.

Press SWAP to put the lower and the higher value in the right
order on the stack and then use YRNG to adjust the new V-
View.

Use the command sequence ERASE DRAX LABEL DRAW to
plot the curve and draw axes and labels. Now the plot looks
like we wanted to have it. The curve is on the top third of the
screen and so taking just this part will cost only one label.

Now that the plot is done we can use the coordinates of the
viewing range that are left on the stack to cut the part of the
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PICT that contains i
the curve, the '
labels of the
horizontal axis

fiHz

and the top label \ 4 ey 4 b4 b
of the vertical 4pnn

axis. Remember,

the  coordinates

that are now on

the stack, were
created by the .
command AUTO -0-23
before we
squeezed the curve. But we must do a little bit of additional
work. Why? Because the curve is contained between these
coordinates but the horizontal |abelsare eventually outside these
coordinates. How can we change the y-coordinate of

the minimum of the view range making sure that the

labels are then contained in the part that we cut? Well,

to answer this we must examine the way that the pixels
correspond to coordinates a bit more thoroughly. We

already know that the range of values of coordinatesin

PICT is defined by the two first parameters in PPAR.  hinimum of view range
These coordinates are user coordinates and they are before squizing the curve 1
described with complex numbers. Pixels of functions [-#200. -0 143440044418)

are plotted according to these parameters. But the
HP49G has another way to address pixels on GROBSs.
Thisis by counting pixelsin x-direction starting at the

left and at the y-direction starting at the top of the . .ional 7 oiels —

GROB. Note the difference for the y-direction. While gowmwards

the user y-coordinates (in general) grow upwards, (-4o0d. -0 149440644416)

the pixel y coordinates always grow downwards.
Fortunately for us, HP has included two commands
that transform user to pixel coordinates and vice versa.
These two commands are C->PX and PX->C. You

23000

horizontal axes always extend vertically 7 pixels under the
horizontal axis. That means that if we diminish the user
coordinate of the minimum of the view range by that amount,
then the labels will certainly be contained in the part of the
PICT that we cut. So let's do it. Press [SWAP] to get the
minimum coordinates of the view range on stack level 1. Press
C->PX. The complex number is transformed to a list of two
binary integers. The user coordinate that was transformed isthe
same as {#0d #21d}, that is O pixels from the | eft edge of

the PICT and 21 pixels from the top of the PICT. If the binary
integers that you HP49G displays don't have the character "d"
at the end, then you are probably not in decima mode. Type
DEC and press [ENTER] to switch to decimal mode. Now, we
want additional 7 pixels for the y-coordinate. Enter the list
{#0d #7d} anduse ADD to add O pixelsto thefirst and 7

pixels to the second pixel coordinate. The command ADD

haxrnum of view range
betore and japproximalsly)

Twie [Eke thig part we will loge Ihe
labals of the horizontal axis.

after squizing the curve
l 23000, b SYe L Fldbl T )
+i
1 fiHz
| N T T N N Y [N Y Y [ Y [ S U TN N TN N N 111
| - | I N N NN N NN NN N NN NN NN NN NN NN N N NN N NN N N N
|-ooot 23000
T fwe take this part the labels of the
o937 harizontal axis will be retained

b J

find them if you press [blue-shift], [CAT], [NXT], Minimurn of view range
menu key [PICT] and [NXT]. These commands save after squizing the curve

our lives in this case. The labels added to the I-4UC%0..-2.45
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14)

15)

16)

17)

performs addition of elements of lists. It does + to
corresponding elements. The elements can be any objects that
the command + can add, that is reals, numbers and so on. ADD
also accepts alist and a single object in any order and adds the
object to each element of the list. It also accepts two single
objects and then it acts like +. This command is in menu
MTH/LIST. Back to our coordinates. We want the pixel
coordinates to be transformed back to user coordinates, so we
press PX->C. The result is the complex number (-4000.,-.15)
which shows that the pixel y-coordinate increased from #21d to
#28d but the user y-coordinate decreased from approximately -
0.15 to -0.53. SWAP the two numbers.

Enter PICT and UNROT. Press SUB. (SUB is in menu
PRG/LIST and aso in menu PRG/GROB) Now the part of the
PICT that contains the curve and all labels except the lowest is
on the stack.

We are going to put this GROB and the next one together, so we
should somehow insert something between the two, so that they
are separated on the common plot. Enter the two binary integers
#131d and #3d and press [BLANK]. This command creates a
blank GROB with the horizontal and vertical sizes given as
binary integers. BLANK isin menu PRG/GROB.

Now press GROBADD to
join the two GROBSs, the
plot and the blank in one
GROB verticaly.

-1/A

17

f /Hz
I-‘1 :':ll::":: T T T T R T T T T 1

23000,
1.29 H frad

Repeat the same procedure
with the expression N.q and
the appropriate data for
AXES ec. and then .
GROBADD the new plo 4000
with the one that is dlready ~
on the stack.

f /Hz

23000,

The result isa GROB that contains both curves on one GROB so that
they can be seen simultaneously on the screen. Now that you know
how it works, perhaps you could make a program that takes a list of
expressions and other parameters and creates similar GROBs that
contain more than one plots.

Up to this point we plotted real quantities that can be calculated out of
the complex current. But the HP49G allows also plotting complex
quantities in several ways. Let's take a closer look at these plots and
how we can use them to visualise the behaviour of our complex
quantities.

The complex current is a function of the frequency. It is given by the
>(ei>{2>p>f>t

VO
1 . The factor 1

+ +—
i1 X2 xp X >C R i X2 xp X >C
with which the oscillating
part is multiplied and
which doesn't depend on
the time. We have used this ¥'maginary gar
to find the real amplitude  “omiex (x.y]
and phase and plot them in
many ways. For some
certain  frequency  this
complex quantity has a
certain real and imaginary
part, which can be plotted as a point on
the complex plane. If we vary the
frequency between the limits 20 Hz and
20000 Hz then the real and imaginary
parts will of course change. Plotting
many points for many values of the
frequency and connecting them with
small line segments gives us a curve on |
the complex plane. If we do such a plot
for the complex current we have two dependent values on the plot, the
real and imaginary part of the current. The independent variable (the
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frequency) doesn't explicitly appear as a coordinate. This is caled a
parametric plot. For our happiness the HP49G can do such plots out of
the box.

Enter VO (in which we have stored previoudly a 1), go to the variables
menu and press the menu key for Z (in which we have stored

previously). Then press[. ]. EXPAND the expression

f

f- 1000%%/3
expression. Press STEQ to store this in EQ. Now we must setup the
plot. Got to the screen PLOT SETUP and choose PARAMETRIC as
the plot type. Independent variable must be . Enter 0.1 as H-tick and
V-Tick and uncheck the option _Pixels. Now go to the screen PLOT
WINDOW - PARAMETRIC. Enter a
horizontal view from 0. to 1. and a vertical
view from 0. to 0.5. The independent
variable should go from Low: O. to High:
20000. If something different than
"Default” isin the input field of Step: then

1 go to that field, press [NXT] and press the
menu key [RESET]. Select "Reset value" from the popup and press
[ENTER]. Uncheck the option _Pixels. Now press [NXT] and then the
menu keys [ERASE] and [DRAW]. The HP49G draws the plot. When
ready you can TRACE it and pressing the menu key [(X,Y)] you can
see the coordinates under the cross hairs. The HP49G shows the
coordinates f:0  (0.,0.). This means, when the frequency is Hz then
the real part is 0. and the imaginary part is 0.. Press the key [arrow
right] to watch the changes of the complex current as the frequency
varies. If you press [ENTER] in TRACE mode then the HP49G puts a

list {f (x,y)} onthe stack, giving you the value of the frequency and

the real and imaginary parts of the point on the curve where the cross
hairs is. If you repeatedly press [arrow right] you will notice that the
cross hairs movement gets slower. This show that both the real and
imaginary parts change less and less when the frequency goesto higher
values. The behaviour matches the behaviour of the real amplitude of
the current, which we have already plotted against the frequency. The

R+;
X2 xp X >C

and you get . We will do a parametric plot of this

amplitude and so also the real and imaginary parts of the current go
against alimit value when the frequency goes higher.
Thiskind of plot usesthe parametersin PPAR differently:

A complex number which specifies the lower left
corner of the display range. Default value is
(-6.5,-3.1).

(Xmin’ymin)

A complex number which specifies the upper right
corner of the display range. Default valueis (6.5,3.2).

(Xmax ! an )

indep A list which contains the name of the independent
variable and the minimum and maximum of the plotting
range, that is the lower and upper bounds between
which theindependent variable varies. If only the name

of the independent variableisincluded in thislist, then
the values of (xmm,ymin) and (xmax,yax) are used as
plotting range, which in genera will give you
undesired results. This is because the range in which
the independent variable variesis not on any part of the
plot explicitly.

res A real number that specifies the step between values of

the independent variable in user coordinates. Default

value is 0, which specifies a step of % of the

difference between the maximum and the minimum

values of the plotting range of the independent variable.
axes A list that has one or more of the following elementsin
order. A complex number specifying the coordinates of
intersection of the axes, a list that specifies the tick
marks of the axes and two strings that are used as
labels for the X- and the Y -axes.
ptype The command name PARAMETRIC.
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depnd Name specifying the label of vertical axis. Used when

the doesn't contain alabel for the vertical axis.

This plot has shown us how

thereal and imaginary parts of

the complex current change

when the frequency changes.

You of course know that a ¥:maginary par
point on the complex plain can = “emees [
be specified by giving its real
and imaginary parts, or by
giving its radius and phase
(angle). A new kind of plot
can be done using these two
quantities. We start at the first
value of the angle and plot a
point which has a distance
from (0,0) equal to the radius. Then we
change the angle a little bit and plot another
point having a distance from (0,0) equal to the
new radius. We continue until we reach the
final angle. The complex current can be aso
plotted this way, that isits amplitude (distance
from (0,0)) can be plotted as a function of the
angle.

Fadius of {x,)

(2.y)

X=real pari o
COmpex |X,¥]

Angle of {3,

r1,a3

r.a:

r.al

We already have found the expressions for the amplitude and the phase

and stored them in variables N.AMPLI and N.qg. Go to the variables

menu and press the menu keys for N.AMPLI and N.q. The
f

JE +3000000:R

expressions for the amplitude (radius) and phase

(angle) ATANEQOOOd_g are now on the stack. Asyou can seg, in

this case we don't have the radius as a function of the angle. We must
first somehow transform the radius, so that it becomes a function of the
angle. So now the CAS of the HP49G comesto help us. Enter F . You

get asort of F by pressing [ALPHA] twice, typing the letter "O" and
then pressing [red shift] and [9]. The resulting character A can be
thought of being the greek letter F , despite the protesting commends
of Trabakoulas. ("What? No real F ?How dare they?') Then press

[SWAP] and [=] to get the equation A= ATAN?OOO)\EZ (We

don't use the greek letter q for denoting the angle, because we have

already stored an expression there.) Now perhaps you see what we are
going to do. If we solve this equation for f, we can SUBSTitute the
result in the expression for the amplitude. Press SOLVE to get the

solution f = M which is the frequency as afunction of the
AN(4E)

angle. Press SUBST, switch to real mode and EXPAND. The

expron for the amplitude is now

V3 XTAN(A)ATAN(E)

SQ(TAN(A) X/ TAN(AE) +1x/3

previous plots that A goes from g

. Now, we know from our

to 0. That means that TAN(/E) is

positive and so [TAN(4)| = TAN(/E) . We could add the assumptions

A3 0 and /EEE and try to EXPAND again, expecting that the

HP49G would recognise that wunder these assumptions
[TAN(4)| = TAN(/A) . But it won't. "Limitations show you that you
are in real life, son!", as Trabakoulas says. So edit the expression

J3 XTAN(E) TAN(&)

manually and make it . EXPAND
SQ(TAN(/)) %/ TAN(&E)” +1x/3
. TAN(&)® +1
it again and you have: ————>——. Do we remember that? If not,
TAN(A)® +1
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cos(A)" cos(A)
sQ(cos(&)
and you get [COS(4)|, which you can edit to COS(4) for the same

reason as above. This is the dependency of the amplitude from the
angle. A simple cosine! This makes us sing with joy because evenin a
complex marathon we till like ssmple things, don't we? ;-)

we press TRIGCOS and we get . EXPAND this

Now that we have the amplitude as a function of the angle, let's plot.
We are going to use the type of plot "radius against angle" or in other

words POLAR. Press STEQ to store COS(/F) in EQ. In the screen

PLOT SETUP choose a plot type POLAR and independent variable F
(that is the character /E, Trabakoulas looks angry again ;-)). In the
screen PLOT WINDOW - POLAR enter H-View from 0. to 1. and V-
View from 0. to 0.5. Indep should go from O to 1.57 (that's

approximately g ). Press ERASE and DRAW. The plot looks exactly

like the previous one, it is only plotted in the opposite direction. (Can
you tell why?) If you TRACE it displaying coordinates, you can see

how the amplitude varies as the angle goes from 0. to P . Pressing

[arrow right] in TRACE mode moves the cross hairsto the left. Thisis
because pressing this key, just puts a higher value in 4, which makes
the amplitude smaller. The parametersin PPAR are used asfollows:

(X Ymn) A complex number which specifies the lower |eft corner
of the display range. Default valueis (- 6.5, - 3.1).

(xmax,yax) A complex number which specifies the upper right
corner of the display range. Defaullt valueis (6.5,3.2).

indep A name specifying the independent variable or a list

which containsthe name of theindependent variable and
the minimum and maximum of the plotting range.

res A real number that specifies the step between val ues of
the independent variable in user coordinates. Default
value is 0, which specifies a step of 2 degrees or 2
grads or P radians.

90

axes A list that has one or more of the following elementsin
order. A complex number specifying the coordinates of
intersection of the axes, a list that specifies the tick
marks of the axes and two strings that are used as
labelsfor the X- and the Y -axes

ptype POLAR

depnd Name specifying the label of vertical axis. Used when
the doesn't contain alabel for the vertical axis. Note
however that the dependent variable is not the same as
thelabels of the vertical axis. The dependent variableis
the radius, the distance of the plotted point from the
point (0,0).

If you press the menu keys s

[ZOOM] and the [ZOUT] then the "]

plot is redrawn with a zoomed out 1 /

view range, that is it is drawn f/Hz

smaller. Can you cut the small plot “afon. ' - ' T Zanoo.

out and put it in the plot that

contained two stacked curves, so 1-28 H/rad D

that you at once can see the ]

dependency of amplitude and phase - f/H=

from the frequency and thet+—T———T——TT7 2000

dependency of the amplitude from -4000
the phase?

After so many plots and parameter discussions we perhaps should
relax for a while, especially because many many other plots will be
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discussed later in this part. So let's do something funny taken out of the
secret book of treasures of the HP49G.

If you remember the start of the this part of the complex marathon
(which is ages in the past), we stored the complex resistance

. : VO xe#Ptt
invariable Z, the complex current 1 in

+—_—

X2 xp % >C
variable CMPLI, 1 in VO, the expression for the amplitude
2 >C xp /4 X2 R? xC2 2 + 1

45 RZ>C?p? +1
ATAN?E; 0 —_—

€2 xR xC>p 2 6000>R >p
and some different values in R. Now suppose that we take the
expression for g and we want to see how it dependson R. If we put it
on stack and EXPAND, then any possible evaluation and expansion of
all variablesis performed, and since even R has avalue we get as result
the expression ATANgaqm—ch/gi which is not what we wanted. But
the good old HP49G has a forgotten command which it inherited from
his ancestor, the HP48. It is the command SHOW. It fits very good for
our purposes because it does exactly what we want. (And because we
already made movies, so the SHOW was good, | hope ;-)). The
command works in two ways, according to the arguments we givetoit.
Recall the variable g on the stack, enter '‘R" with quotes type SHOW

R+;
X2 xp X >C

invariable AMPLI, the expression

in q, the expression invariable C

& 0
and press [ENTER]. The result is ATAN® 1 Y ’
e 6000>R>p Po

The command has searched and evaluated all variables except R itself,
and returned a result where variables were replaced with their contents
until R was visible. Of course in this case R cancels out but there are
cases where this forgotten command can be areal treasure. Imagine for

and you have stored
+B

. a
example that you have the expression A

a®+b-1.__  COS(a)*

inA, inB and 3xa® - a inb. If youwant to
3 SIN(b) XA

resolve all variables that appear in Z "

té until variable b shows, then

you enter Z;Ht; , then 'b" (in quotes) and use SHOW to get the result

a-b
cos(a)»

2 -
3 Sll\(b) a +3b 1

happened. On the numerator no change was carried out, because
variable a doesn't contain anything and because b wasthe variable

that we wanted to be shown. Variable A in the denominator was
2

2 4D - 1+ . Asyou can see the following

. a . :
replaced by its contents . Since again a has no contents and

b iswhat we want to see, no further actions were performed. Variable
Ccos(a)xb
SIN(b) XA
we havethevariable A again, which when resolved gives aresult that
cos(a)*

2
Sll\(b) a +3b- 1

B in the denominator was replaced by its contents . Here

containsb. So it was resolved and the expression

was the result that was put in place of variable B intheorigina

expression. If you enter Z;*_; and 'a’, and then use SHOW, the

a- (3xa’- a)
COS(a)x(3xa’- a)

SIN(3><a2- a)va2 t3a-a-1
3

resultis , because all

a?+3%x’-a-1
+
3
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occurrences of b were replaced with the contents of b, in which

variable b is present. Lastly, if you enter Z;H: ,then 'A’, and then
a-b

use SHOW, you get the result - COS(a)><b , Where only B was
SIN(b) XA

replaced with its contentswhich alsoinclude A . Thisisthe first way of
how SHOW works. It makes all implicit references to the variable in
stack level 1 explicit. But if you enter an expression and then alist with
variables, then the implicit references of all variables except those in

a-b dthelig
A+B

. Thisresultsin the

the list, will be made explicit. For example entering

{b B}, and using SHOW, returns ——————
a“+b-1
—__+B
following way: Variable a doesn't contain anything, it doesn't refer to
some other variable, so any occurrence of a will be left unchanged.
Variable b wasinthelist, soit'simplicit references will not be
resolved. Variable A containsreferencesto a and b, so these
references are made explicit. And variable B wasinthelist, soit's
implicit references will not be resolved. Notice the big difference
between the two ways. Giving an expression and a variable name to
SHOW, makes all occurrences to this variable explicit. Giving an
expression and a list of names to SHOW, makes al occurrences of
variablesthat are not in the list explicit.

What does this have to do with complex math? Well, working with
such things as alternating voltage and current, especially when there are
many elements like resistors, capacitors and coils in your circuit,
quickly leads to very complicated expressions. Often some sub
expressions are stored to some variables and in the formulas we work
with these variables, instead working with their complicated contents. It
is areal advantage to be able to resolve exactly what we want, so that
we can emphasi se on the dependency of some certain variable, etc. This
is the controlled evaluation of variables, which again shows that the

HP49G might be often a confusing machine, but the flexibility of its
command set is still unreached by any other mathematics tools of this
size.

Oh, you might wonder what the funny thing is, considering SHOW.

. : 1 :
WEell, consider the expression 1+;< . Now replace X with the

expression itself and you get 1+

T- Go on repeating this
1+—

substitution. The expression grows and grows, but it keeps being,
well somehow similar to itself. Without giving many details of the
really extremely interesting behaviour of thiskind of expression, let it

: : : 1
be said here that each time wereplace X with 1+ X we get nearer and

nearer to the number 1.61803398875.... , no matter what X is!!!
Note that thisis not a limit in the sense that we approach some value
by letting X approach some other value. It isalimit which we

approach by repesating the procedure of replacing X with 1+ ;1( X

itself can be 1, -4.5 or even (1,1) (!). The question is, how can we
program this on the HP49G? How can we say, "Repeat this
substitution procedure a certain number of times?'. We can do that in
many ways. One of these would be to define the recursion:

1 0

REC1 )—|FTEca}e =11+ L 8
Y T A T X T RECIh- Do

Enter this and press [DEF]. Now enter 1 and press the menu key

+
[REC1]. The result is X71 which is equal to the expanded form of

1 . :
1+ X Enter 2 and press again [REC1] to obtain the second member
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. . 2xXX +1
of this repeated substitution, ,

which isequal to the expanded

form of 1+ 11
1+—

. But perhaps you don't want the expanded form.

And perhaps you would like to build successively all members starting
from the first up to the nth. Then you can use SHOW in a funny, and
for some people "illegal” way. Here's how to do it. Enter 1+ A, then B,

and press [STQ]. Enter % ,then 'A" (in quotes!!) and press STO again.

You might already observed that we have a circular reference here.
(While for computing devices this can be a horror, for mathematicsit is
very very interesting!). Now do exactly what is described here, and be
careful to put the variables in quotes when needed. Enter 'B'. Enter it
in quotes and don't EVAL it or else the HP49G will error out with
"Circular Reference". Enter 'A' (again in quotes) and press SHOW.

Theresult is1+ A. Now enter 'B' (yes, in quotes) and press SHOW

again. Theresultis1+ é . Thenagain'A' and SHOW to get 1+ ﬁ .

You get it now. Alternating 'A' SHOW and 'B' SHOW, we get
successively the members of this remarkable family of expressions. If
you want all members from the first to the nth, then the small program
will do that for you automatically:

<<

1 ROT

START
"A SHOW
"B SHOW
DuP

NEXT

DROP

>>

Give it anumber n and it will return all members from the first to the

nth, where instead of X we have B in the expressions. Y ou see
clearly here how even circular references can be used for interesting
mathematic experiments, if we use the appropriate commands. The
command SHOW is the more controlled analogon to EVAL, and so it
allows us to circularly refer to variables, controlling how much
evaluation will be done. The funny thing isto that circular references
are treated like one of the worst things that can happen, and at the same
time hiding such a useful command somewhere in the endless
catalogue of commands in the HP49G. And the question of
Trabakoulasis: "how can someone not love this machine?"

End of philosophic thoughts (for now ;-)). Let's get back to our
frequencies. Nick wanted to make afilter, in order to give the sound of
his guitar more high frequencies. Now he wonders, what does the
signals coming out of the outlets to the loudspeakers (after the filter)
look like compared to the voltage supplied at the outlets of the
amplifier (before the filter)? Well, if we plot both simultaneously we
can compare them. The voltage supplied by the amplifier is given by

VO >COS(2 xp % xt), where we already stored 1 in VO, and where f
is the frequency and t isthetime. Enter VO >xCOS(2 xp % %) and press

[EXPAND] to get COS(2xp % >). We aready stored the expression
for the current after the filter in variable |I. Recall 1 on the stack and

press [EXPAND] to get the expression
0
/P + 3oooooo><c059ATAN8qoocf”“/_; 25t X~
4]
>+ 3000000

Enter 2 and press [->LIST]. Nick takes 1000 Hz as test frequency, so
enter f = 1000 and then press [SUBST] and [EXPAND)]. Thelist

i +1) U

: co Sé 60003>¢ 2_{
now is | COS(2000% ) y. Press STEQ.

: i

I p
Go to the PLOT SETUP screen and choose type of plot FUNCTION.

4-29




Complex numbers with the HP49G - Part 4

Independent variable ist. Enter 0.0001 as horizontal and 0.1 as vertical
ticks. Go to the PLOT WINDOW - FUNCTION screen. The frequency
of the signal is 1000 Hz, that is it oscillates one time in 0.001 seconds.
Let's setup aplot for taking alook at two oscillations, that is horizontal
view from 0 to 0.02. vertical view from -1 to 1. Reset the independent

IIIIIIIIIHIJ_/L-IIIIIII

=
&
]

corresponding -

current after the -

filter (blue curve) S

has haf the -

amplitude (that is

what we wanted)

but also is out of

phase (what we

wanted. Music is not a single cosine of a single frequency. If each
frequency has a different phase shift and a different amplitude, then
what will happen to a signal consisting of several frequencies? What
will it look like? Let's help the musician, who thought he could be also
an electronics expert. (He didn't know what he was doing, right
Rcobo? ;-)) We build up signal of 3 frequencies and three different
amplitudes, as an example of the voltage supplied by the amplifier
before the filter. Enter again VO >COS(2xp %) and thelist

variable plotting range to "Default”. Now, press [ERASE] and
[DRAW]. The plot shows what happens with the voltage of 1000 Hz
didn't want). And

Nick starts asking

himself if

{vo=.9 v0=.8 VO0=.7} and press[SUBST]. Enter the list
{f=500 f=1000 f=2000} and press[SUBST] again. Press
[SLIST] (Menu MTH/LIST). The result is

(red curve). The
was what he
.9xCOS(2 xp %600%t) +.8>COS(2>p x1000xt) +.7 xCOS(2 xp 2000 %)

Now we do the same for the current after the filter. Recall variable I,
press EXPAND. Then enter 'VO' (in quotes) and press [*] (because we
stored the expression for the current in 'I' after we worked with VO=1.

Now, enter again {V0=.9 V0=.8 V0=.7}, press[SUBST],
enter {f=500 f=1000 f=2000} and [SUBST] again. Press
[SLIST] and then 2 [->LIST]. Store this in EQ. Go to the PLOT
WINDOW -
FUNCTION
screen and
enter a vertical
view from -3
to 3. [ERASE]
and [DRAW]
that. The
signal after the
filter  (blue)
doesn't quite
look like what
it should be. It
is totally out of shape. And it is a real wonder that we can still
recognise Metallica, when we turn the bass high on the equaliser. Our
ears and brain must somehow make an FFT and find out which
frequencies belong to which instrument. Imagine what a calculating
power is needed to do this with an orchestra of about 100 instruments
playing simultaneously! (The other moral of the story is: "Buy agood
amp, Nick, and let filters aside.;-))

:
ﬁ

IIIIIIIII’-I’_J-IIIII

We are coming closer to the end of this part and of the complex
marathon, but | couldn't resist giving yet another plot here. Thereisa
plot type built-in to the HP49G, which can be a great help when
dealing with complex quantities, and which we will use extensively at
the complex analysis marathon. It is the plot type GRIDMAP which |
have the feeling is not very well known by the majority of the users.

Let's describe first what this plot does. Exactly like defining and
plotting functions of avariable in over the real numbers, we can define
functions and also plot them over the complex numbers. That is, we

define a function U=f(Z), where U and Z are complex. Any

complex number can be written in the form x +i»y. Defining such a
function over the complex numbers, we have two independent and two
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VO

dependent variables, because Z = x +ixy and U=v +ixw. If we want

to plot such a function, showing all coordinates (x,y,v,w) we need to
be able to perceive a 4-dimensional space (or to think if there is some
kind of projection of the 4-dimensional space to our 3-dimensiona
space.) Or, we can also let x and y out of the plot, and only take v and
w. Consider for example the very smple function
v +ixw =(Z) = f(x +ixy) = x +i» which maps any complex number

to itself. If we forget about the lower grid in the picture below and we
only take the upper grid, then we just have the plot type GRIDMAP of

the HP49G.
il

i
;7

-

"\
Al \*\
\\

‘, g= W
a

= = o f(Z) maps complex numbers
= — 5
= = E —| from the lower grid to the
a—r CL —
o ek upper grid
z # V o g J
T Bl
" —
= v
=3 P

f S S S
L

;ST LS

N\

125pX %t
1 invariable

R+ ———
1 X2 xp X >C
CMPLI. Purge variable R, recall CMPLI on the stack and EXPAND

f>ei>§2>p>¢><t
(- 10004x/3) R

complex function of three variables. If we consider it for acertain time
t, then it still depends on two variables, namely f and R. A complex
function that depends on two real variables, that sounds likeit is good
for plotting in with plot type GRIDMAP. So let's do it. First store the
function in EQ. We will plot with variable f going from 500 Hz to
2000 Hz, so that the frequency of 1000 Hz (Nick's key frequency) is
included. This frequency finishes an oscillation in 0.001 seconds. We
will plot the function for a particular value of t, so store 0.0005 in
variable 't'. That means, that the picture we will look at, will be at the
middle of one oscillation of signals with a frequency of 1000 Hz. Go
to the PLOT SETUP screen and choose plot type GRIDMAP. Set
independent variable 'f' and dependent variable 'R'. Go to the PLOT
WINDOW - GRIDMAP screen. Enter for X-Left -0.8 and for X-Right
0.8. Enter for Y-Near -0.8 and for Y-Far 0.8. This is the viewing
window. Now enter for XXLeft 500. and for XXRight 2000. (The
frequency will go from 500 to 2000.) Enter for YYNear 1. and for
YYFar 3. (Theresistance will go from 1 to 3.) Enter for Step Indep 16
and for Depnd 3 to adjust number
of steps the for frequency and for
the resistance. Press [ERASE] and
then [DRAW]. When the plot is
done it looks like the picture on the
right. But what is that thing? We
can understand better by tracing.
Press the menu key [TRACE] and
then the menu key [(X,Y)]. Be
patient because the HP49G needs
considerable time to react. The
cross hairs jumps to the upper right point of grid. The coordinates
shown are "INPUT {2000. 1 }". That means that the source
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coordinates were f=2000 Hz and

R=0Ohm. At the time t=0.0005s the

function sends the point (2000.,1.)

to the point where the cross hairsis.

To see the target coordinates press

[F2] again. Now you can read at the

screen bottom "OUTPUT: (5.71E-

1,4.95E-1)". The function has send

the source point (2000.,-1.) to the

target point (5.71E-1,4.95E-1).

Press [F2] twice to get the input

coordinates again. Press [arrow right]. The cross hair jumps to the
point on the grid, which results when the function takes as input
f=1900 Hz and R=10hm. Press [arrow right] a couple of times. You
can see that the
resistance R is always
10hm, while the
frequency varies to
smaller values. This
means that the bent
curves that go around
the centre point of the
plot belong are curves
of constant resistance
R. Now you might
think that pressing the
key [arrow wup] or
[arrow down] would
move aong curves of the
same constant frequency any
varying resistance. But it
doesn't! You have to keep
on pressing the key [arrow
right] until the cross hairs
has moved aong the outer
curve and is at the point with
input coordinates (500,1).
Then, pressing [arrow right]

T
ol
L

Constant B=2

Crosshaires moves this way

moves the cross hairs to the point with input values (500,2). Anyway,
the curves of constant frequency are those which extend in direction
from the centre point of the plot to its edges. The crossing points of the
curvesin this
grid, are
complex
values of the
alternating
current  for
distinct
combinations
of frequency
a n d

resistance
and for the
particular
t i me

t=0.0005s.
For example
the grid point with the input values f=1000 Hz and R=10hm has
output values If you TRACE the plot and have patience enough to keep
waiting until "INPUT {999.99999999" appears on the bottom of the
screen and the cross hairs is at the most outer curve, then you can
press [F2] to let the HP49G show the output , and then [ENTER] to
put the output values on the stack. (It is alittle bit annoying that the
HP49G doesn't show "INPUT {1000 1}", though we set up the
number of steps for the frequency to 16.) Press [CANCEL] until you
are back to the stack. Press [ENTER] to make a copy of the complex
number. If you now press [ABS] the result will be .499999999996
which is approximately 0.5, the amplitude of the current with a
frequency of 1000 Hz, as Nick wanted to have. Press [arrow right]
(shortcut for [SWAP]) and then [RE]. The result is the value of the
alternating current with a frequency of 1000 Hz at the time t=0.0005
seconds. Before we go on exploring what happens as the time passes
by, we notice that no axes were drawn. This kind of plot doesn't draw
any axes, but we can add axes that perfectly fit to our viewing range.
To do so, we must set the parameters in PPAR identically to the
parametersin VPAR which are used by GRIDMAP. We had aviewing
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range horizontally and vertically from -0.8 to 0.8. So enter -0.8, then
0.8 and use XRNG to set H-View for PPAR. Use the same values for
the command YRNG. Then enter the list

{(0,0) {1 .3 "RE(l)" "IM()"} and use AXESto adjust the axes

parameter. Now, use the command sequence DRAX LABEL to add
axes with labels to the plot. Type GRIDMAP and press [ENTER] to
switch back to the plot type GRIDMAP. If you now press [arrow |eft]
(shortcut for switching to the plotting environment) you will see the
gridmap plot with axes and will still be able to TRACE the plot. When
you traced enough return to the stack.

Let's explore now what happens as the time passes by, that is how the
grid evolves with time. To so we must put severa different values and
re-plot, so that we can then animate the plots at different times. When
the same is done many times, it is better to program the calculator
instead of doing everything manually. So enter the following program:

<<
CEXEXP(2%i *t*f*p)/ ((f-1000%i *f*+3) *R)"

STEQ @Bt ore equation

GRI DVAP 'f' | NDEP @pet up CRI DMAP pl ot

"R DEPND @nd i ndependent vari abl es
-0.8 0.8 XvQL @et up vi ewi ng range

-0.8 0.8 YVOL

500. 2000. XXRNG @etup plotting range

1 3 YYRNG

16 NUMK 3 NUMY
-0.8 0.8 XRNG
-0.8 0.8 YRNG
{(0,0) {0.1 0.1}

@etup plot steps
@et up PPAR paraneters
@or drawi ng the axes
@nd the | abels

"RE(I)" "IMI)"} @orrectly.

AXES

0 0.01

FOR | @oop over tine
| "t' STO @tore value in variable 't'
ERASE PI CT @ut the title "t=val ue"
{#0 #0} @t the upper right corner

="t + st o+ @f the PICT.

1 ->CGROB REPL

DRAX LABEL DRAW @raw axes, |abels and gridmap.

PI CT RCL @Recal | PICT on stack

. 00005
STEP @ncrease tinme by .00005 seconds
TEXT @wi tch back to stack display

LCD-> PICT STO @eturn a GROB of this and store

@t in PICT.

{ 21. {#0d #14d} @\ni mate the GRIDVAP plots
.2 0.} @o that the header of the
ANI MATE @tack screen is visible.
>>
The command — . of DT
sequence LCD-> L-ontents of FIC
PICT STO was
added because of
the  following | P

!
reason: When the |
command
ANIMATE —
shows an
animation Animation
starting at some garts here
screen A
coordinates other |
than than {#0
#0} (upper |eft),
the contents of
the PICT are shown on the part of the screen where no animation is
shown. Because we wanted the header of the stack display to be
shown over the animation, we switch to the stack display with the
command TEXT, then we make a GROB with the contents of the
current display (which isthe stack with its header) using the command
LCD->, and then we store this GROB in PICT.

Animation contents

When the program finishes it shows an animated GRIDMAP of the
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>(ei>s’2>p>¢><t

(f- 20005%/3) R

can see how the different frequencies move around with different
angular frequencies, that is the frequency of 2000 Hz needs lesstimeto
fulfil one circle (or period) than the frequency of 500 Hz. The different
points of the grid al'so seem to vary their distance from the centre of the
plot, but thisisonly anillusion that is created because the aspect ratio of
theplot isnot 1. (The horizontal direction contains about twice as many
pixels for the same length as the vertical direction.) perhaps you repeat
the program run replacing the line -0.8 0.8 XVOL with -1.6 1.6 XVVOL
and also the line -0.8 0.8 XRNG with -1.6 1.6 XRNG. Then all points
of the grid will retain their distance from the centre of the plot for all
times. Algebraically that means that the absolute value of

fxei>2>p>¢><t
(f - 1000%x/3

function for t going from O to 0.01 seconds. Y ou

) = doesn't depend on time. We already have found

f

Jf* +3000000>R
independent. As the points of the grid move around, the projection of
them on the x-Axis oscillates. It oscillates in exactly the same way as
the expresson for the value of the current

& . 6
f @OSQATAN?M%IJ +2x0p*
e

[}
does, for the same values of f

that absolute value. It was , Which redlly istime

JF + 30000005R

fxei>s’2>p>f><t

f-1ooo>1'>a/§)>R'

and R, because it istherea part of (

Finishing this rather lengthy part of the complex marathon, let's look at
the meaning of the parameters in VPAR and PPAR for the plot type
GRIDMAP. Thevariable VPAR containsthe list:

yFar

yEye z Eye XStep

yNear ZLow min max ymin

I,XLeft XRight ZHigh X X ymax[;]

|
I X

Eye y Step

Xier ANd Xgyy  Real numbers that specify the start and the end of

the view space in X direction, that is the width of

the view space. Corresponding command is XVOL
which takes two real numbers as arguments.

Real numbers that specify the start and the end of
the view space in Y direction, that is the depth of
the view space. Corresponding command is YVOL
which takes two real numbers as arguments.

yNear and yFar

Z,, adz,,: Tworea numbersused asthe plotting range for the
first independent variable, that isthe range of values
in which this variable varies. Corresponding

command is XXRNG.

Xmin @Nd X .0 Two real numbers used as the plotting range for the
second independent variable, that is the range of
values in which this variable varies. Corresponding
command isYYRNG.

Yo, @d Yy, ... Rea numbersthat specify the number of plot points

in X and in Y direction. The two commands for
these parameters are NUMX and NUMY which
take areal number as argument.

The other parametersin VPAR are not used.

The variable PPAR containsthe list:

indep A name specifying the independent variable of the
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expression that we want to plot. Default is X.
Corresponding command is INDEP.

ptype For this plot type the parameter is GRIDMAP, the
same as the command that sets this plot type.

depnd A name that specifies the second independent
variable. Default is Y. Thecommand for this
parameter is DEPND.

Last thing to say here, a big big big thanks to Alban Schann,
who read and read the marathons again and again, and sent me so many
corrections that I must wonder where my mind was when | wrote the
stuff. It must have been Trabakoulas and his Ouzo ;-)

There is going to be another complex thing, the complex analysis
marathon in future. But next comes the calculus marathon. (Is that you
smiling captain? ;-)) | hope you enjoyed this. Keep the math fun high
and take care.

Ppgreetings
g"Irectings

Nick.
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