Orbital Mechanics with MATLAB

Trajectory Modeling in the Flight Path System
One form of the relative flight path coordinates can be defined as follows;

r = geocentric radius
V = speed
y = flight path angle
o = geocentric declination
A = geographic longitude (+ east)
w = flight azimuth (+ clockwise from north)

Please note the sign and direction convention.
The first order equations of motion in this flight path coordinate system are as follows:
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where
r = geocentric radius

= speed
y = flight path angle
o = geocentric declination
= longitude (+ east)
w = flight azimuth (+ clockwise from north)
B = bank angle (+ for a right turn)
a = angle of attack
o, = Earth inertial rotation rate
g = Earth acceleration of gravity = z/r?
u = Earth gravitational constant
L

= aerodynamic lift force = % PViC.S

D = aerodynamic drag force = %pv ’C,S

T = propulsive thrust
m = spacecraft mass
C, = lift coefficient (non-dimensional)
C, = drag coefficient (non-dimensional)
S = aerodynamic reference area
p = atmospheric density

The following describes a MATLAB script named demo fpeqm Which demonstrates how to model a
trajectory in the flight path system. This example flies an STS maximum cross range re-entry trajectory
using angle-of-attack and bank information extracted from a trajectory optimization program.

The following is the program output created by this script along with several graphic displays of flight
parameters.

program demo_ fpedqm

initial flight path coordinates

altitude 121920.0000 meters
velocity 7802.8800 meters/second
declination 0.0000 degrees
longitude 0.0000 degrees
azimuth 90.0000 degrees
flight path angle -2.3978 degrees

final flight path coordinates
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altitude 24518.4877 meters
velocity 770.5555 meters/second
declination 34.5880 degrees
longitude 120.7278 degrees
azimuth 10.6927 degrees
flight path angle -5.0200 degrees
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The following is a summary of the major MATLAB support functions for this script.
fpegms.m — flight path equations of motion
This MATLAB function computes the first-order form of the equations of motion in the flight path
coordinate system. These equations include the effects of aerodynamic lift and drag, and gravity due to

a spherical Earth.

The syntax of this MATLAB function is
function ydot = fpeqms(t, y)

% flight path equations of motion

o\

includes 1lift, drag, spherical Earth
gravity and Earth rotation

o

o

input

o

state variables

% vy(l) = altitude (kilometers)

% y(2) = longitude (radians)

% y(3) = geocentric declination (radians)

% vy(4) = relative velocity (kilometers/second)

% v(5) = relative flight path angle (radians)

% vy(6) = relative azimuth (radians)

% output

% ydot = equations of motion

% global

% req = Earth equatorial radius (kilometers)

$  mu = Earth gravitational constant (km**3/sec**2)

% omega = Earth inertial rotation rate (radians/second)
% mass = vehicle mass (kilograms)

% sref = aerodynamic reference area (cubic kilometers)

us76.m — 1976 U.S. Standard Atmosphere — analytic algorithm

This MATLAB function calculates atmospheric density using an analytic implementation of the 1976 U.
S. Standard Atmosphere. It is based on the classic “U.S. Standard Atmosphere, 1976 document
published by NOAA (NOAA-S/T 76-1562).

This function requires initialization the first time it is called. The following statement in the main
MATLAB script will accomplish this:

iatmos = 1;

This variable should also be placed in a g1obal statement at the beginning of the main script which
calls this function. After the first call, the function will set this value to 0.
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The syntax of this MATLAB function is

function [atmtmp, atmdns, atmprs, atmsos] = us76 (alt)

o\

U.S. 1976 standard atmosphere

o

input

o\

alt = altitude (kilometers)

o

output

o

atmtmp = temperature (degrees Kelvin)

% atmdns = density (kilograms/cubic meter)
% atmprs = pressure (newton/square meter)
% atmsos = speed of sound (meters/second)

atmos76.dat — 1976 U. S. Standard atmosphere data file

This ASCII data file contains density values based the 1976 U. S. Standard atmosphere. The unit of this
data is kilograms/cubic kilometer, data is valid from 0 to 1000 kilometers, and the altitude interval is
500 meters. The following are the first few lines of data in this file.

.1225000E+10
.1167273E+10
.1111660E+10
.1058104E+10
.1006554E+10
.9569545E+09
.9092544E+09
.8634021E+09
.8193470E+09
.7770388E+09
.7364289E+09
.6974689E+09
.6601116E+09
.6243101E+09
.5900187E+09

Relationship between inertial and relative flight path coordinates
The following are several useful equations that summarize the relationships between inertial and relative
flight path coordinates.

v.siny, =v;siny,

V, COSy, COSy, =V, COSy; COSY,

V, COSy, Siny, + m,F COSJ =V, COSy; Siny,

where the r subscript denotes relative coordinates and the i subscript inertial coordinates.

The inertial speed can also be computed from the following expression
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v, = \/vz +2Vr®Cosy siny cosd + r’w’ cos® &

The inertial flight path angle can be computed from

cosy = Vv? cos® y + 2Vr@Cos ¥ COSy COS S + I’ e’ Cos® &
' V2 + 2VrwCos y COSy COS S + I’ e’ cos* &

The inertial azimuth can be computed from

VCOS ¥ COSy + rawCos o

cosy, =
\/vz COS” ¥ + 2Vr@COS ¥ COSY COS S + I’w’ cos* &

where all coordinates on the right-hand-side of these equations are relative to a rotating Earth.
Vehicle aerodynamics

The next section is a summary of useful equations related to general aerodynamic characteristics of
aerospace vehicles.

general form of a drag polar
Cp =Cp, +k[C,["

lift-to-drag ratio
_L_ ¢ __ G
D C, C, +kC!

maximum lift-to-drag ratio (value of E at which dE/dC =0)

Cy, +kCJ')—C, (nkC[™)

| 2
(Co, +kC[)

lift coefficient at maximum lift-to-drag ratio

C* CDO
“{k(n-1)
drag coefficient at maximum lift-to-drag ratio
nC,

In general,

For a parabolic drag polar (n=2),
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Cp=Cp, + kC/

where
C, = drag coefficient

Cyp, = drag coefficient at 0" angle-of-attack

C, = lift coefficient
k = constant
Cp =2C;, = drag coefficient at maximum L/D

C, =,/Cp, /k = lift coefficient at maximum L/D

E*:[&] __ 1 = maximum L/D

Co ) 2,JKCy,

The following is a graphic display of a typical parabolic drag polar (shown by the red curve). The blue
line is tangent to the drag polar and visually helps locate the lift and drag coefficients at maximum lift
over drag (max L/D).

Typical Parabolic Drag Polar

(Lift coefficient versus drag coefficient)
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drag coefficient C,
Heat rate and heat load

The heat rate experienced by an aerospace vehicle can be computed using Chapman’s stagnation point
heat rate equation according to
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Ry = nose radius

V = relative velocity at the spacecraft location

V, = "local circular velocity" at the Earth's surface = m
p = atmospheric density at the spacecraft location

P, = atmospheric density at the Earth's surface

4 = gravitational constant of the Earth

r. = radius of the Earth

The accumulated heat load at any mission elapsed time is determined from the integral of heat rate
according to
6,
a. =], a(t)dt

The lift L and drag D forces are given by

L:%pVZCLA D:%pVZCDA

where p is the atmospheric density and A is the aerodynamic reference area. In these expressions,

%pv2 is the dynamic pressure.

Optimal Trajectories in Atmospheric Flight, N. X. Vinh, Elsevier, 1981.

Hypersonic and Planetary Flight Mechanics, N. X. Vinh, R. D. Culp, and A. Busemann, University of
Michigan Press, 1980.

page 8



